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Introduction

Evolution of surfaces applications in material science (microstructure prediction,
material proterties, void electromigration in semiconductors), image processing, etc.

Overview Deckekelnick, Dzuik, Elliott (2005)

Imperial College

London Lubomir Bahas Harrachov 2007  2/39



Introduction

Surface diffusion sharp interface model
V=-Asxk onI(t)
e I'(¢) void surface
e A, surface Laplacian
e V velocity of T'(%)

® K curvature
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Phase-field model

Diffuse interface with interface width ~ vy

Alternatives to phase-field approach
e Direct methods for approximation of the surface diffusion model, problems with
topological changes

e |evel set methods can handle topological changes
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Phase-field model

e ~ > 0 interfacial parameter

o u,(-,t) € K:=[-1,1], t € [0,T] conserved order parameter; u~(:,t) = —1 void,
u~(+,t) = 1 conductor

e w,(-,t) chemical potential

o ¢~(,1) electric potential

Phase field approximation of surface diffusion (diffuse interface)

7% = V(b(uy) Vo ) =0 in Qg = Q% (0,7],

Wy = —y Ay + 571U (uy) in Qp, where |u,| <1,

+ 1.C. + B.C.
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Phase-field model

Degenerate coefficients

b(s) :=1—s% Vsek
Obstacle-free energy

(1—s%) if sek,

Ul fsd k.

|
— N
8 N |—

restricts u~ (-, ) € K.

Approximation of the sharp interface model v — 0 then {z;u~(z,t) =0} — I'(¢),
['(t) is the solution of the sharp interface problem

Advantages of phase-field approach

e no explicit tracking of the interface needed

e can handle topological changes
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Numerical approximation

Ur e S" & u,
Wl e K" s w,
or e Sh & o,

Double obstacle formulation (e regularisation parameter)

n

gt N i
v( ,x) + (E(UPHY VWP, Vx) =0
v (VU Vx = UM) > (WP +~71U L x — UM

discrete inner product (mass lumping) (1, 772 fQ

VY x € S*,
vV y e K"

n2(z)) dz

Convergence (Existence) 2D: Barrett, Niirnberg, Styles (2004), 3D: Banas, Niirnberg

(2006) h — 0, e — 0, 7 = O(h?)
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Matrix formulation

The discrete system
Find {UZ, W”} € K9 x RY such that

Yy -U)"BUL - (V-UN)" MW V-U)"s VVeK,

YMUZ + 70 AV WT

v
=3

Mi; = (xisx5)"  Biji=(Vx,Vxg), AL = (E(U2") Vs, V)
z::fyMQ?_l—aTnAn_légeRj, §::7_1MQ?_1ER‘7.
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Block Gauss-Seidel algorithm with projection

Projected block Gauss-Seidel

V. -Ur"T (s+yBYur 1

(V. -U"T (v(Bp — BL)UZ* — M WD¥)
r 4 7, AT WmE

NMU™ + 1, (Ap — Ap) W™F

1V

2 x 2 system for every vertex; explicit solution

~ n—1 -~
} i ijzj + Tn Ajj S;
J ’}/[ijP—l—Tn’YA?j_lBjj -
o~ n,k
_ Iy My (U

n—1
Tn Ajj
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Uzawa algorithm

Uzawa-Multigrid algorithm Graser, Kornhuber (2005), derived from the formulation
of Blowey, Elliott (1991, 1992),

Outer Uzawa-type iterations constrained minimisation, two sub-steps
e y(V-U"TBU >V -U" Ts+(V-U""TMW™ "t vVekd

o Wik = Wikl L (—y MUDF — 7 AP W )

S~ - preconditioner
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Uzawa algorithm

Preconditioner
If we know the exact coincidence/contact set

AN

Tz ={ie: |u,| =1},

the problem becomes linear

(45 BE)(E)-(")

with ~
= gy D€
B — i
*J { B;; else
o 0 1€ J .
M. —
*J { M;; else J &,
and ~
=37 Ucli ieJ
‘ S; else

Imperial College

Lubomir Banas Harrachov 2007 11/39



Uzawa algorithm

Optimal choice Schur complement
SU?) = MBU) ™ M(UZ) + 7 A"

Approximation U™* ~ U™

—£

§ = SUL*) = MBUL*) T M(UL*®) + 7, A

Uzawa with the preconditioner S(U")

YV -UPHTBU > (U-UM)'s+V-UM)T MW VYV eK,
Wik = skt (-MBUM) T SUF) +1)
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Uzawa algorithm

Solution of the subproblems

e first step, elliptic variational inequality with double obstacle, we can use standard
methods: projected Gauss-Seidel or Monotone multigrid; iterations can be stopped

when we obtain convergence in the coincidence step - only few iterations.
input Eg’k_l, output Q?’k

e second step is equivalent to the solution of linear symmetric saddle point problem

v B —y M(U™*) ( 0 )_ ( 73')
—y MUY -7 A 7" =7

standard W-cycle multigrid method for saddle point problems (Stokes equations, mixed
FEM), canonical restriction and prolongation, block Gauss-Seidel smoother (1 smoothing
step), alternative (Vanka type (1986)) smoother Schréberl, Zulehner (2003).

input J* = j(Q?’k) output W™*
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Uzawa algorithm

Numerical implementation (more natural, but no proof of convergence)
E (U7 o a (U], 7bULT)] = 0 on Jaeg

A1 - has zero rows due to the degeneracy of b(-)

Degenerate set § € Jgeq := {j cJ:mwh [b(UQ‘l)] =0 on SUPP(Xj)}

Solution
We use the fact (Jgeq C jk) Q?’k — Q?_l for all j € Jgeqy We obtain an equivalent

saddle point problem with regular matrix A;elg

v¥B -y M us\ ([ 4%
— M —Tn An_l wk B _:Fdeg ’

deg

117 n—1 .
where W, = wj for j € Jgeq-
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Uzawa algorithm

Complete algorithm

1. Initialization: Start with inital guess Q?’O = Q?_l, set JU = J(Q?’O) and compute
EZ”O by solving the linear saddle point problem with coincidence set J°.

2. Uzawa iterations: for k =1,... do

3. Uzawa iterations have converged: Compute

Ist sub-step Compute the approximate coincidence set JE = j\(Q?k) where Q?’k

is obtained from the elliptic variational inequality by PGS or MMG.

if Jk = Jk-1 go to step 3.

2nd sub-step Solve a linear symmetric saddle point problem by the multigrid method

with block Gauss—Seidel smoother to obtain W™,

If ma}(| {Egk} — {K?’k_l} | < tol, with tol being the prescribed tolerance, go
J€ J J

to step 3.

U™ up to the desired accuracy from

the elliptic variational inequality from the 1st sub-step using E?k

4. Set U = U™t Wt = Wk

& ! ———E& —E
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FEM code Alberta; adaptive meshes:

Numerical experiments

if |[U™| <1 (i.e. in the interfacial region) set h = hupin ~ Lf else ([U"] = 1) set
h = hmas
Comparison of Uzawa and Gauss-Seidel methods v = ﬁ
N¢ | T GS Uzawa-MG | ratio
1268 | 1le-6 | 14227/m | 3445m 413
64 | 4e-6 | 252m 146m 1.72
32 | l.e-5 | 9m40s 11m20s 0.85
Table 1: Computation times for different values of h
7y Ne | T GS Uzawa-MG | ratio
1/127 | 128 | 1le-6 | 14227m | 3445m 413
1/6m | 64 | 4e-6 | 853m 259m 3.29
1/3m | 32 | 1e5| 93m 30m 3.1

Table 2: Computational times for different values of ~
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Multigrid algorithm - notation

(2 )

Saddle point problem with variational inequality

Problem matrix on fine mesh

<«
N\
==
N—
'\
N\
| |3

) Uek?

Intergrid transfer operators (canonical restriction and prolongation) I%, I/

Coarse matrix A,

A - I$BI] —-I5MI!
. ISMI] ISAI]
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Multigrid algorithm

Two-grid scheme for the solution of

©
VRN
= |
N—
AV
7 N\
[V R

) Uek?

e pre smoothing
m iteration of projected Gauss-Seidel (U°, W) — (U™, W™)

e coarse grid correction solve the coarse problem exactly

1. compute residual (Q“, Q") = (r,s) — AU™, W™)
Vu ICQU
Y f_ u Jec
C(E):(1) e
3. update solution (U™, W™ = (U™ + IV, W™ + IJV™)

e post smoothing
m iteration of projected Gauss-Seidel (U™, W™t — (U™t w=m+h
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Coarse grid correction

We require

New obstacle for V'*
—1-Umt<rfyr<1-ymtt

associated with the fine mesh, but to compute V¥ on the coarse grid we need a “coarse
obstacle”.

Solution Mandel (1984) look for V* € KJ¢ where
KJe = {K c RIe; QF(—1— Umth <v < R (-1 — Qm+1)} with upper/lower

obstacle restriction operators defined as

Qv (p) = max{v(q); qg € NT Nintsupp ¥?, xP € th},

vl (p) = min{v(q); ¢ € NV Nintsupp x?, x* € V/¢},

with pe Nt ve Vhf.
Kornhuber (1994) slightly better obstacle restriction (suitable linear combination instead
of min/max).
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Coarse grid correction - mltiple grids

Restrictions for numerical convergence grid on the lowest has to be fine enough; number
of grid levels depends on v and h,,;n, We need:

e small v for good approximation of the sharp interface problem

e small h,,in (depending on ) for good approximation of the continuous phase-field
model

Feasible parameter combnations in 3D

o v=1o- Ny= 1—58, 6 mesh points in the interface, 2-level method

o v = %, Ny = ﬁ, 8 mesh points in the interface, 3-level method

Coarse grid solver inexact solution with projected GS, 30 iteration are enough for the
3-level method.
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Numerical experiments

Meshes on different levels
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Comparison of the Multigrid and Uzawa methods

3D computation with about 900000 degrees of freedom, v = 9%
method total iteration | CPU time
MG 2063 2200m
Uzawa-MG | 4760 3390m

Table 3: 3-level MG vs. Uzawa (8-level); W-cycle, 1 smoothing step

Multigrid computations are about 1.5 times faster with 2X less iterations.
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Numerical experiments

v=1m= T =0.067=10"% N; =128 N, =2

Figure 1. (o = 0) Zero level sets for Uc(x,t), with cut through the mesh at x5 = 0 at
times ¢t = 0,0.001, 0.005.
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Numerical experiments

v=1-T=0.06 7=10"% Ny =128, N, =2

Figure 2: (a = 0) Zero level sets for U(x,t), with cut through the mesh at x5 = 0 at
times ¢t = 0.01,0.015,7" = 0.06.
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Numerical experiments

v=1=T=008 7=5x10"5 Ny =48 N, =2

Figure 3: (a = 0) Zero level sets for Uc(x,t), with cut through the mesh at x5 = 0 at
times ¢t = 0,0.001, 0.005.
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Numerical experiments

v=1=T=008 7=5x10"5 Ny =48 N, =2

Figure 4: (o = 0) Zero level sets for Uc(x,t), with cut through the mesh at x5 = 0 at
times ¢t = 0.01,0.015,7" = 0.08.
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Numerical experiments

v=1=T=006 7=1x10"5 Ny =128 N, =2

Figure 5: (o = 0) Zero level sets for U (x,t), with cut through the mesh at x5 = 0 at
times t = 0,0.0015, 0.003.
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Numerical experiments

v=1=T=006 7=1x10"5 Ny =128 N, =2

/=

Figure 6: (o = 0) Zero level sets for Uc(x,t), with cut through the mesh at x5 = 0 at
times ¢ = 0.00505, 0.0051,7" = 0.06.
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Numerical experiments

0.001,7 = 1075, Ny = 64, N, = 2

0 at

Figure 7. (o = 0) Zero level sets for U(x,t), with cut through the mesh at x3

timest =0,1.5 x 107%4,3.5 x 10~%
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Numerical experiments

0.001,7 =107°, Ny =64, N. =2

0 at

Figure 8: (o = 0) Zero level sets for U(x,t), with cut through the mesh at x3

timest =4 x 107%,4.5 x 1074,1 x 1073,
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Numerical experiments

5x107* 7=1x10"7 Ny =128 N, =16

a=114, ~

b
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(v = 114m) Zero level sets for Uc(x,t), with cut through the mesh at z3 = 0

t=0,8x107°, 1.2 x 107°.
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Numerical experiments
5x107* 7=1x10"7 Ny =128 N, =16

a=114, ~
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(v = 1147) Zero level sets for Uc(x,t), with cut through the mesh at z3 =0

t=2x10"% 24 x 1074 3.6 x 10~

Figure 10

at times
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Numerical experiments

5x107* 7=10"", Ny =128, N. = 16

a=114, v

Figure 11: (o = 114m) Zero level sets for Uz (x, t), with cut through the mesh at 3 = 0

at times ¢t =0, 8 x 1072, 1.2 x 1072
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Numerical experiments

5x107* 7=10"", Ny =128, N. = 16

a=114, ~
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Figure 12: (o = 114m) Zero level sets for Uz (x, t), with cut through the mesh at 3 = 0

at times t =2 x 1074, 2.4 x 1074, 3.6 x 10~%.
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Numerical experiments

a=3007=1-T=125x10"% 7=10"", Ny =128, N. = 16

SV
X A“'i‘"»
i éﬁﬁ"

A,
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2o .
A RIS
0 DS T
‘V‘)%‘X%‘ﬁ" S0

Figure 13: (o = 3007) Zero level sets for Uz (x, t), with cut through the mesh at 3 = 0
at times t = 0,2.5 x 107°,7.5 x 107>,

Imperial College

London Lubomir Bahas Harrachov 2007  35/39



Numerical experiments

a=300,y=5- T=125x10"% 7=10"", Ny =128, N, = 16

Figure 14: (o = 3007) Zero level sets for U (x, t), with cut through the mesh at 3 = 0
at times t = 1.15 x 1074,1.2 x 1074, 7 = 1.25 x 10~%.
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Numerical experiments

=120, 7y =5, T=27x10"% 7=10"7, Ny =128 , N, = 16

Figure 15: (v = 1207) Zero level sets for U (x,t) at timest = 0,7 x 107°,1.3 x 10~%,
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Numerical experiments

=120, 7y =5, T=27x10"% 7=10"7, Ny =128 , N, = 16

Figure 16 (« = 120mw) Zero level sets for Ug(x,t) at times
t=19x10"%23x107% T =27 x 1074
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Final remarks
e fast coarse solver needed for efficiency
e limited flexibility with respect to ~
e robust except above remarks
e =~ 2X less iterations than Uzawa

e theory?
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