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Classical Alternating Schwarz Method

H. A. Schwarz 1869:

“Nachdem gezeigt ist, dass fiir eine An-
zahl von einfacheren Bereichen die Differen-
tialgleichung Au = 0 beliebigen Grenzbe-
dingungen gemdiss integriert werden kann,
handelt es sich darum, den Nachweis zu
fiihren, dass auch fiir einen weniger ein-
fachen Bereich, der aus jenen auf gewisse
Weise zusammengesetzt ist, die Integration
der Differentialgleichung beliebigen Grenzbe-

S e
H il sy dingungen gemdss maglich ist”.
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Classical Parallel Schwarz Method Optimized

Schwarz Methods

Martin J. Gander

P-L. Lions 1988:

The final extension we wish to consider concerns
“parallel” versions of the Schwarz alternating method

u,”+1 is solution of —Au' = f in Q; and
"+1 = u? on 0Q; N Q.

Continuous

Lu="finQ W T >F1 Q,
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The Multiplicative Schwarz Method (MS) Schwirs Meshods

The discretizd PDE leads to the linear system RleninflCondey

Au = f.

Discrete

With the restriction operators

1 1
R = R> = -
1 1

and A; = RjARjT the multiplicative Schwarz method is

utz = w4 RIATIR(f — Au”)
utl = w4 RTASIRy(F — Aunti).
Questions:

» Is MS a discretization of a continuous Schwarz method?
» How is the algebraic overlap related to the physical one?



Relation with Alternating Schwarz Schwarz Methods
If the R; are non-overlapping, and we partition accordingly RaninfiiCandey
A = Al A12 = fl Discrete
An A |’ fa )’

we obtain from the first relation of MS, i.e.
1
u"2 = u" + R AR (f — Au")
an interesting cancellation:

Rl(f — Au") = f1 — Alui’ — A12u§'
AR (F— Au") = A[Y(f — Apul) —uf

ol

u1+2 _ uj n Al_l(fl — Appuf) —uf
n+3 N uj 0

u 2

ATY(f) — Appud)
uy



Optimized

Relation with Alternating Schwarz Schwarz Methods

imi ; : Martin J. Gand
Similarly, from the second relation of MS, i.e. artin . Gander

u™ = ut2 + RTASIR,(F — Au™2)
we obtain
( uftt ) B ( _l(fl — Appu) )
ugtt ) o L(fy — Ayyuftth)
which can be rewritten in the equivalent form
At = £ — Apuj, Audtt = fy — Ayjultt

and is therefore a discretization of the alternating Schwarz
method from 1869,

£UH—|—1

f+1 = uf, onT

f,in Q Lug™ = £, inQ
g+1 = Uf+1, on F2



MS is also a block Gauss Seidel method o

MS is also equivalent to a block Gauss Seidel method, since RleninflCondey
Alui’H = f1 — Algug, A2u3+1 = f2 — A21uf+1

Discrete

leads in matrix form to the iteration

Al 0 uptt 0 —Ap ]| ( uf f;
n+1 = n +
A21 A2 u2 0 0 U2 f2
So why the complicated R; notation ?

» With R;, one can also use overlapping blocks.
» With R;, there is a global approximate solution u”.

Note that even the algebraically non-overlapping case above
implies overlap at the PDE level:

Ry R
[ 1 [ 1
1 a b n
o —@ 0 0 0 0 0 0 0 0  — X
0 a B 1




The Additive Schwarz Method (AS) Schuire Methots

Martin J. Gander

M. Drjya and O. Widlund 1989:

The basic idea behind the additive form of the algorithm is Discrete
to work with the simplest possible polynomial in the

projections. Therefore the equation

(P1+ P>+...+ Pn)us = g is solved by an iterative method.

Using the same notation as before, the preconditioned
system is

(RFATRL + R AS1Ry))Au = (RTATIRy + R A1 R))f
Writing this as a stationary iterative method yields
u" =u"t + (RIATIR + RIASIR)(F — Au™ )

Question: Is AS equivalent to a discretization of Lions
parallel Schwarz method ?



. N Optimized
Algebraically non-overlapping case Schwarz Methods
If the R; are non-overlapping, we obtain now RaninfiiCandey
u;"+1 — AIl(fl o Alzug) Discrete
ust! A1 (Fy — Ayul) )7
which can be rewritten in the equivalent form
Alu{'H = f1 — Alzug, A2U5+1 = f2 — A21Uf.

This a discretization of Lions parallel Schwarz method from
1988,

Luf™ = £, inY Luf™ = f,inQ

u™ = uf on Ty ud™ = uP onT,

In the algebraically non-overlapping case, AS is also
equivalent to a block Jacobi method,

A 0 uytt 0 —Ap u? fq
n+1 = n +
0 A2 u2 —A21 0 u2 f2



What happens if the R; overlap ? Schwirs Methods

Martin J. Gander

If the R; overlap, the cancellation is more complicated:

AT(f1 — Aoul) —uf 0
u"+1:u”—|—< 1 1 12Uo 1)+( B )
0 AL (Fa—Ayu])—uj

In the overlap, the current iterate is subtracted twice, and a
new approximation from the left and right solve is added.

Discrete

Remarks:

» One can show that the spectral radius of the AS
iteration operator equals 1.

» The method converges outside of the overlap.

AS is thus not equivalent to a discretization of Lions parallel
Schwarz method for more than minimal physical overlap.



Optimized

Fundamental Convergence Result Schwarz Methods
M. Drjya and O. Widlund 1989: Martin J. Gander

Including a coarse grid correction in the additive Schwarz
preconditioner,

Discrete

n
Mys = Z RTATIR; + Ry AT Ry
j=1

with characteristic coarse mesh size H and overlap §, one
can show

Theorem
The condition number of the additive Schwarz
preconditioned system satisfies

K(MasA) < C (1 + g) ,

where the constant C is independent of § and H.



Restricted Additive Schwarz (RAS) Schwirs Meshods
X. Cai and M. Sarkis 1998: Martin J. Gander

While working on an AS/GMRES algorithm in an Euler
simulation, we removed part of the communication routine
and surprisingly the “then AS” method converged faster in
both terms of iteration counts and CPU time.

Discrete

u™ = u" + (RUATYRy + R ARy (F — Au™)

Ry ! 'Ry
r ‘ R2
R ‘1 a | b n
o € e e e o o o o e | -
0 o B 1
(921 Q>
Remarks:

» RAS is equivalent to a discretization of Lions parallel
Schwarz method (Efstathiou, G. 2003)

» the preconditioner is non symmetric, even if A; is
symmetric



Problems of classical Schwarz: Overlap Necessary  scwis tiehoss
P_L_ Lions 1990 Martin J. Gander
However, the Schwarz method requires that the
subdomains overlap, and this may be a severe
restriction - without speaking of the obvious or intuitive
waste of efforts in the region shared by the subdomains. oo R

Lu=finQ Q r Q5

\
o0

Lui=f iny Lui=f in
(8,,1+p1)uf:(8,,1+p1)u§’_1 on I (On,4p2)ul =(0n,+p2)uf on T

P-L. Lions 1990:
First of all, it is possible to replace the constants in the
Robin conditions by two proportional functions on the
interface, or even by local or nonlocal operators.
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Other Problem: Lack of Convergence Schwarz Methos
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B. Després 1990:

L’objectif de ce travail est, aprés construction d’une
méthode de décomposition de domaine adaptée au
probléme de Helmholtz, d’en démontrer la convergence.



Optimized

Further Problem: Convergence Speed Schwarz Methods

Martin J. Gander

T. Hagstrom, R. P. Tewarson and A. Jazcilevich 1988:

Numerical experiments on a domain decomposition

algorithm for nonlinear elliptic boundary value problems
In general, [the coefficients in the Robin transmission
conditions] may be operators in an appropriate space of
function on the boundary. Indeed, we advocate the use
of nonlocal conditions.

Convergence Speed

W.-P. Tang 1992: Generalized Schwarz Splittings

In this paper, a new coupling between the overlap[ping]
subregions is identified. If a successful coupling is
chosen, a fast convergence of the alternating process
can be achieved without a large overlap.



Comparison of Classical Schwarz with Multigrid

Comparison of MS with two subdomains as an iterative
solver and a preconditioner for a Krylov method, with a
standard multigrid solver:

10°

residual norm

= Classical Schwarz

- Classical Schwarz with Krylov
—— Multigrid without Krylov.

1

20 40 60 80 100 120 140

iterations
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Continuous Optimized Schwarz Methods o]

Schwarz Methods

Martin J. Gander

Lu=finQ T )Fl Q
\
o0
Instead of the classical alternating Schwarz method
Lu] = f,in Luf = f,inQ comtinueus
] = ult onT, uf = uf,onl,

one uses transmission conditions adapted to the PDE,
Biup = Blug_l, only Boui = DBouf, onTly

Remarks:
» optimal choice for B; is 0y, + DtN;
> good approximation is B; = O, + pj + 1;0r + qjOrr

» method can converge even without physical overlap



Optimized

How to choose the parameters Schwarz Methods

- - - . Martin J. Gander
Contraction factor using Fourier analysis:

_ (3= fe0e(2))? -thore
plz,5) = (s(z) +fPDE(Z)> )

> z related to the Fourier parameters
Continuous

> s polynomial with coefficients to be optimized.
» fppe symbol of the DtN of the PDE to be solved.

For a fast algorithm, we need to minimize p, i.e.

i sup [o(z,9)
seP, zeEK

» PP, set of complex polynomials of degree < n

» K is a bounded or unbounded set in the complex plane



Best Approximation Problems
Chebyshev (1854): Théorie des mécanismes connus sous le
nom de parallélogrammes.

. o
gégnrxrgl (x) — p(x)|

...la différence f(x) — p jouira, comme
on le sait, de cette propriété: Parmi les
valeurs les plus grandes et les plus petites
de la différence f(x)—p entre les limites, on
trouve au moins n + 2 fois la méme valeur
numérique.

Theorem (Bennequin, G, Halpern 2005)

If L=0 and K is compact, then for every n > 0, there exists
a unique solution s;,, and there exist at least n+ 2 points
21, ,Znt2 in K such that

sy(zi) — f(z)
sy (Z,') + f(z,')

sp—f
sit e
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Continuous

Overlap Required
No Convergen

Convergence Speed

Continuous

iscrete

Airplane, Climate
“"Ih,\'



Case L >0 Schwarz Methods
Without assuming that K is compact, one can show Martin J. Gander
(Bennequin, G, Halpern 2006):

Theorem (Existence)

Let K be a closed set in C, containing at least n + 2 points.
Let f satisfy Rf(z) > 0 and

Rf(z) — 400 as z — oo in K. (e

Then for L small enough, there exists a solution.

Theorem (Equioscillation)

Under the same assumptions, if s} is a solution for L > 0,

then there exist at least n+ 2 points zy,--+ ,zpy2 in K such
that
SZ(ZI') — f(zi) e—Lf(z;) _ Sn fe—Lf _ (S,,(L)
S;‘;(Z,') + f(z,-) Sﬁ +f 00




Optimized

Uniqueness, Local Minima and Symmetry Schwarz Mothods

Martin J. Gander

Theorem (Uniqueness)

With the same assumptions, and if K is compact, and L
satisfies
(5,,(L)e Lsup,ck Rf(2) <1,

where §,(L) is the minimum, then the solution is unique.

Continuous

Theorem (Local Minima)

If K is compact, and L is small, then if s} is a strict local
minimum, then it is the global minimum.

Theorem (Symmetry = real coefficients)
If K is compact and symmetric with respect to the x-axis,

and f(z) = f(z) in K, then for L small, s} has real
coefficients.



Optimized Parameters for a Model Problem
For the self adjoint coercive problem

Lu=n—Au=Ff

the asymptotically optimal parameters are (G 2006)

P . q
v (kgin +m)'*
000 ey 0
(krgﬁn + 77)1/3
/A2, + ) h/t
002 21/2p1/4 21/271.3/4(&31in + 77)1/8
k2. 2/5 h)3/5
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Optimized

Comparison of Optimized Schwarz with Multigrid  scwar Methods

Martin J. Gander
Comparison of MS as an iterative solver, as a preconditioner,

multigrid, and an optimized Schwarz methods used
iteratively and as a preconditioner:

— Classical Schwarz
= Classical Schwarz with Krylov
3 = Multigrid

10 F —— Optimized Schwarz

—— Optimized Schwarz with Krylov

Continuous

residual norm

0 2 4 6 8 10 12 14 16 18 20

iterations



Discrete Optimized Schwarz Methods Schwirs Methods

Martin J. Gander
How does one have to change the RAS
Mpis = (R AR + Ry ASTR,)
and the MS preconditioner
J
Mys= | 1-T](1-RTAIRA) | A7,
j=1

to obtain an optimized method 7

Simply replace A; by a slightly modified /Z\j !

(St-Cyr, G and Thomas, 2007)



Optimized

A n Exa m p I e Schwarz Methods

Martin J. Gander
Lu=(n—A)u=f, in(0,1)2

Finite volume discretization leads to

T, -1 nh®> +4 -1
A=—| -1 T, |, T,= -1  nh?24+4 -

The classical subdomain matrices are A; = R;AR] .
The optimized ,Z\J. are obtained from A; by simply replacing
the interface diagonal block T, by

o 1
T'=3Ty+phl + %(To —20),  To= Tyly=0,

where p and g are solutions of the associated min-max
problem.



Result for the Example Optimized

Schwarz Methods

Martin J. Gander

10 4 . . . i . .
— MS
—%— MS TO
° o MST2
o —A— MS optimized 0 [
—4#— MS optimized 2 [
Overl
-10
o No
Convergence S
-15
10 °F
Continuous
5 Discrete
3
£ 102k
S0 | ; o
s Airplane, Climate
: Twingo
107
10730 |
107
1074 L L L 1 1 " N L s
0 2 4 6 8 10 12 14 16 18 20

iteration



Results for other PDEs

Such formulas are also available for advection-reaction-

diffusion (Japhet 1998, Dubois and G. 2007), Helmholtz

(Chevalier 1998, G., Magoules, Nataf 2001), Heat (G.
Halpern 2003), Wave (G., Halpern, Nataf 2003),
Cauchy-Riemann and Maxwell’s equations (Dolean, G.,
Gerardo-Giorda 2007)

with overlap, L = h

without overlap, L = 0

Case 14 parameters 14 parameters
1 1— vkt — w?h none 1 none
1 1 1
11 3 1 7
_2Coh3 _ G _ V2¢d _ veed
2 1-2C8h p " 1 N vh P="r%
11 2 ok VAR —w2yE VTR w2y i
11 K2 — 2(k2 — T(k2 —
3|12k —wEhT | p= WETEDE | VAR—ODT g VElG —eh)
* oh3 V< Vv
%g % .
@ cB.ca
2 1 1 pL= 7Y, 1 pr= 95
5cl0ps 25 .45 1 (%] hi .h4
4 1-25¢cl0h b - S yhd
(] ca c8.c1
P =547 P2 = ——3—
25 .45 ha
2 3 1
(3 —w?)8 (k2 -w?)8.c¥
2 EUNE U] LR Ay Wowtyt 1 || T T
5 [1-25(k2 —w?) 10 A5 25 .45 1 )" pa 248
(%2 —w?)5 ca (K2 -w?)8.c?
P2 = P =
25 .45 ha
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Large Scale Optimized Schwarz Computations

» Exhaust system, and airplane in approach over a city:

/

» Held Suarez test, temperature field, at the surface of

the planet after 200 days of simulation.
T at level = 19 time=200 days

180 150W 120W 90W 60W 30W O 30E 60E 90E 120E 150E 180

Optimized
Schwarz Methods

Martin J. Gander

Continuous
Discrete

Overlap Required
No Convergence
Convergence Speed

Continuous
Discrete

Airplane, Climate
Twingo



Large Scale Optimized Schwarz Computations

» Twingo, noise simulation in the passenger compartment:

Pressre

5.480€4001

525854001

50364001

asi3Ea0

asarean

43694001

4147801

39244001

370284001
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Optimized

CO“CIUSionS Schwarz Methods

. . Martin J. Gander
» Discrete Schwarz methods are in most cases

discretizations of continuous Schwarz methods
(exception: AS with overlap!)

» Optimized Schwarz Methods use transmission
conditions adapted to the underlying PDE, which can
greatly improve their convergence rate

» Replacing classical subdomain matrices A; by optimized
ones, leads to optimized MS, RAS and AS (on an
augmented system)

Conclusions

Important open problems: (2007)

» General convergence proof for overlapping optimized
Schwarz

» Coarse grid corrections for optimized Schwarz

> Algebraically optimized ;\j



