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Perturbation theorems play a very essential role in
computational processes for eigenproblems.

Golub, van der Vorst
What about nonlinear eigenvalue problems ([Ruhe'78],[Mehrmann,Voss'04])

0 = M(\)x? (*)

Eigenvalue perturbation: Given Ap, Ay € R™"

A € O'(Al)
)\2 S O'(AQ)

how “large” is |A\1 — A2|?
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Perturbation theorems play a very essential role in
computational processes for eigenproblems.

Golub, van der Vorst
What about nonlinear eigenvalue problems ([Ruhe'78],[Mehrmann,Voss'04])

Ax = G(A\)x? (%)

Nonlinear Eigenvalue perturbation: Given A;, A, € R™*"

)\1 S O'(Gl()\l))
)\2 S O'(G2(/\2))

how “large” is |A\1 — A2|?
Today: How can we apply the Bauer-Fike theorem to (%)?
Introduction:

o Nonlinear eigenvalue problems
o the Bauer-Fike Theorem

@ Accuracy iteration
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Nonlinear eigenproblems

Quadratic eigenproblem:
Linearization[MMMM'06], SOAR[Bai,Su’'05], JD[Slejpen et al'96]

0 = (A=MN+NB)v
A € o(A+BN?)
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Nonlinear eigenproblems

Quadratic eigenproblem:
Linearization[MMMM'06], SOAR[Bai,Su’'05], JD[Slejpen et al'96]

0 = (A=MN+NB)v
A € o(A+BN?)

A=(i2) o= (4 )

TercodtBN) .
2,

Example:

a)
E. Jarlebring (TU Braunschweig) Bauer-Fike and NLEVPs




Nonlinear eigenproblems

Delay eigenvalue problem:
LMS|[Engelborghs, et al'99], Pseudospectral differencing[Breda, et al'05]

0 = (A—)\H—e_)‘B)v
A € o(A+Be™)
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Nonlinear eigenproblems

Delay eigenvalue problem:

LMS|[Engelborghs, et al'99], Pseudospectral differencing[Breda, et al'05]
0 = (A-N+e?B)v

A € o(A+Be™)
Example:
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The Bauer-Fike Theorem [Bauer,Fike'60]

Classical formulation
Theorem (BF)

If Ay = ViD1 Vi1 then for any Ao € o(Ay)

min |/\2 — )\1‘ S H(Vl)”Al — A2H
A1E€c(A1)
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The Bauer-Fike Theorem [Bauer,Fike'60]

Classical formulation
Theorem (BF)

If Ay = ViD1 Vi1 then for any Ao € o(Ay)

min |/\2 — )\1‘ S H(Vl)”Al — A2H
A1E€c(A1)

eo(A))
* O'(Ag)
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The Bauer-Fike Theorem [Bauer,Fike'60]

Classical formulation
Theorem (BF)

If Ay = ViD, \/171 then for any Ay € O’(Az)

min |/\2 — )\1‘ § H(Vl)”Al — A2H
A1E€c(A1)
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The Bauer-Fike Theorem [Bauer,Fike'60]

Classical formulation
Theorem (BF)

If Ay = VoD, Vo1 then for any A\ € o(A;)

min )|/\2 — )\1‘ S H(VQ)”A;[ — A2H

A€o (A2

“loo(A))

6l % 0(Ay)

a

ol

@
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“a A
el
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The Bauer-Fike Theorem [Bauer,Fike'60]

Classical formulation
Theorem (BF)

If Ay = VoD, Vo1 then for any A\ € o(A;)

dist()\l,O'(AQ)) = min )|/\2 = )\1‘ < H( VQ)”A;[ = A2H

A€o (A2

“loo(A))

6l % 0(Ay)

a

ol

@

ol

“a A
el

-8

-5 0 5
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The Bauer-Fike Theorem

Theorem (BF - Dist)

If \1 € 0(A1) and Ay € 0(Az) then

(V2)[|A1 — Azl

a) dist()\l,U(Ag)) <k
1)) < s(V1)[|A1 — A2l

b)  dist(A\2,0(A1))
where dist(\, S) = minges |A — s|.
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The Bauer-Fike Theorem

Theorem (BF - Dist)

If \1 € 0(A1) and Ay € 0(Az) then
a) dist()\l,U(Ag)) < H(VQ)HAl = A2||
b) diSt()\z,U(Al)) < Ii(Vl)HAl = A2||
where dist(\, S) = minges |A — s|.

For the Hausdorff metric

du(51, S2) == max (max dist(s1, S2), max dist(sz, 51)>

S1 651 SE 52
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The Bauer-Fike Theorem

If \1 € 0(A1) and Ay € 0(Az) then

(V2)[|A1 — Azl

a) dist()\l, U(Az))
1 (Vi)llAL — Aol

<K
b) dist(A2,0(A1)) < K
where dist(\, S) = minges |A — s|.
For the Hausdorff metric

du(51, S2) == max (max dist(s1, S2), max dist(sz, 51))

S1 651 52652

Theorem (BF - Hausdorff metric)

du(o (A1), 0(A2)) < max(k( Vi), k(V2))[ A1 — As|
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Accuracy iteration

Root-finding problem: find A, s.t. A = f(\s).
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Accuracy iteration

Root-finding problem: find A, s.t. A = f(\s).

Given an approximation \, bound |5\ — A

4 =
e )
q Ay
2 ¥ ]
E 1 ( ]
0,
_1,
-2 0 2 4
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Accuracy iteration

Root-finding problem: find A, s.t. A, = f(\).

Given an gpproximation \, bound |5\ — A
Assume |A — M| < Ay, ie., A € V(Ag).
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Accuracy iteration

Root-finding problem: find A, s.t. A, = f(\).

Given an gpproximation \, bound |5\ — A
Assume |A — M| < Ay, ie., A € V(Ag).

A= <

E. Jarlebring (TU Braunschweig) Bauer-Fike and NLEVPs




Accuracy iteration

Root-finding problem: find A, s.t. A, = f(\).

Given an Napproximation \, bound |5\ — A
Assume |A — M| < Ay, ie., A € V(Ag).

A=l < A= Q)+ [F) = F(A)]

E. Jarlebring (TU Braunschweig) Bauer-Fike and NLEVPs




Accuracy iteration

Root-finding problem: find A, s.t. A, = f(\).

Given an Napproximation \, bound |5\ — A
Assume |A — M| < Ay, ie., A € V(Ag).

=M 2 K= A+ = FO)
< |/\_f()\)|+fl‘;13X’)\_)\*| =
~ 1 ~ -~
— A < N —=
Fonl < g A
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Accuracy iteration

Root-finding problem: find A, s.t. A, = f(\).

Given an Napproximation \, bound |5\ — A
Assume |A — M| < Ay, ie., A € V(Ag).

A=l < A= Q)+ [F() = F(A)]

< A= f(X fFO) —f
< ()err{}?ﬁk)l() (
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Accuracy iteration

Root-finding problem: find A, s.t. A, = f(\).

Given an Napproximation \, bound |5\ — A
Assume |A — M| < Ay, ie., A € V(Ag).

A=l < A= Q)+ [F() = F(A)] 4

< A-FR)+ max |f()\)—f()\)|:

[\

—D(A) B
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Accuracy iteration

Root-finding problem: find A, s.t. A = f(\s).

Given an ~appro><imation \, bound |5\ — A
Assume |A — M| < Ay, ie., A € V(Ag).

A=A < |)\—f( )|—|—|f() ()| 4r
al

ol

. E1

< RO+ max 1)~ FO)]

=:D(Ay) |

Accuracy Fixpoint Iteration

A € V(AK) = As € V(Agy1) where
D1 = p(Dr) = [X = F(X)| + D(A)
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A =01X+1, A=1;
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A=01X2+1, A=1;
A1 = A= f(N)| + D(Ag) = 0.1+ D(Ax)

D(A,) = fF(A) — (V)] = 0.2A, +0.1A2
(Ax) Aer{}?gk)!() (M) Kk + k

Api1 = (D) =0.14 024, +0.1A2
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A =0.102 41, A=1;
A1 = A= f(N)| + D(Ag) = 0.1+ D(Ax)

D(A,) = FOA) — (V)] = 0.2A, +0.1A2
(Ax) Aer{}?gk)!() (M) Kk + k

Api1 = ¢(Ak) =0.140.2A, +0.1A2

Ao 2 T : ;ﬁ
A1 = ¢(Ao) 0.9 2 B
AZ = ¢(A1) 0361 E o & *
Az = ¢(A») 0.185
-2
: : 4
A, 4— /42 —1~0.127 2 0 2 4 6 8 10

E. Jarlebring (TU Braunschweig) Bauer-Fike and NLEVPs 8 /16



Example

AVERIES

s —01)\2+1 =1
A= f(N)| + D(Ax) = 0.1+ D(Ay)

D(Ag) = e yf( ) — f(A)] = 0.24, +0.1A2

Api1 = ¢(Ak) =0.140.2A, +0.1A2
Ao 2 ‘ A
A1 = ¢(Ao) 0.9 2 ]
Ay = ¢(Aq) 0.361 . .
Az = ¢(Ar) 0.185 0=2
-2
A, 42— 1~0127 | 555t s
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Example

AVERIES

s —01)\2+1

=1

A= F(N)| + D(A) = 0.1+ D(Ax)
D(Ag) = e yf( ) — f(A)] = 0.24, +0.1A2

¢(Ak) =0.140.2A, +0.1A2

Agy1 =
Ag 2 4
Ar = 6(Ao) 0.9
Ap = ¢(Ar) 0.361
Az = ¢$(A») 0.185
A, 4— VA2 —1~0127 | L

)\
* Ny
0.9 o
2
6 8 10
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Example

AVERIES

s —01)\2+1
A= f(N)| + D(Ax) = 0.1+ D(Ay)

=1

D(Ag) = e yf( ) — f(A)] = 0.24, +0.1A2

¢(Ak) =0.140.2A, +0.1A2

IAVERIES
Do 2 N
A = ¢(A0) 0.9 2
Do = o(Dy) 0.361 .
Az = ¢$(A») 0.185
=
A, 4— VA2 —1~0127 | L
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Example

AVERIES

s —01)\2+1 =1

|)\—f( )‘-{—D(Ak)—Ol'f—D(Ak)

D(Ag) = e yf( ) — f(A)] = 0.24, +0.1A2

1 =0.9
0=2

Api1 = ¢(Ak) =0.140.2A, +0.1A2
Ag 2 4
A = ¢(A0) 0.9 2
Ay = ¢(Ar) 0.361 L, @
Az = ¢(Ay) 0.185 A
-2
A, 4— VA2 —1~0127 | &5

Error of ) less than Ag = 2 = error less than A, = 0.127.
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Main results:

@ A BF-NLVP comparison theorem

@ Accuracy iteration with constant comparison
@ Accuracy iteration with linear comparison
°

Accuracy iteration with linear normalized comparison
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Theorem (BF-NLEVP - General comparison)
Let \1 € O’(Gl()\l)), Ao € U(Gg()\z)) and

1G1(A) = (NIl < 6, [[GI(N)| < 1, |G (V)] < e

for all A € V. Then,

K2
AM— N < ————6
a) | ! 2| — 1 — koer
K1
b A — N < ——§
) ’ 1 2‘ — 1—kie1



Theorem (BF-NLEVP - General comparison)
Let \1 € O’(Gl()\l)), Ao € U(Gg()\z)) and

1G1(A) = (NIl < 6, [[GI(N)| < 1, |G (V)] < e

for all A € V. Then,

K2

a) A= argmin A= A=A N < ——6
rea(Ga(Na)) 1 — kroea

b) A1 = argmin |[A— X2 = |\ — A < B
rea(Gi(A)) 1-rie1



Theorem (BF-NLEVP - General comparison)
Let \1 € O’(Gl()\l)), Ao € U(Gg()\z)) and

1G1(A) = G2(N)I| < 6, [|GI(N)| < €1, |G (V)] < e

for all A € V. Then,

K2

a) A= argmin A= A=A N < ——6
rea(Ga(Na)) 1 — koea

b) A1 = argmin A= X = |\ — A2 < _M 5
rea(Gi(A)) 1-rie1

Pf. Sketch.

A1 = ol £ mllGi(A1) — G(N)]
< 1 (|G (M) — GO + 1G(%) — GL()])

< k1(e1]d1 = A +9) = [A1— Ao < 1 rien
— KR1€1

K1

J



Accuracy iteration (constant comparison)

Given ), how well does it approximate \; € o(G(\1))?

4, T — =)

o )
3l * A
2" * 1
E 1f ® :
O, |
_1, |




Accuracy iteration (constant comparison)
Given ), how well does it approximate \; € o(G(A1))?
Assume A\ € V(Ag).




Accuracy iteration (constant comparison)

Given ), how well does it approximate \; € o(G(A1))?
Assume A\; € V(Ay). Define Ay € o(G())).




Accuracy iteration (constant comparison)

Given ), how well does it approximate \; € o(G(A1))?

Assume A\; € V(A). Define Ay € o(G()\)). Use BF-NLEVP to bound
’)\1—)\2| < D(Ak).




Accuracy iteration (constant comparison)

Given ), how well does it approximate \; € o(G(A1))?

Assume A1 € V(Ay). Define A, € 0(G(X)). Use BF-NLEVP to bound
A1 —A2| < D(Ak). Triangle inequality [A\1 —A] < [A—=X2|+D(Ax)
4F _




Accuracy iteration (constant comparison)

Given ), how well does it approximate \; € o(G(A1))?

Assume A1 € V(Ay). Define A, € 0(G(X)). Use BF-NLEVP to bound
A1 —A2| < D(Ak). Triangle inequality [A1 —A| < [A—=X2|+D(Ak)=: A1
4F _




Accuracy iteration (constant comparison)

Given ), how well does it approximate \; € o(G(\1))?

Assume A1 € V(Ay). Define A\ € O’(G(S\)N). Use BF-NLEVP to bound
’Al—)\2| < D(Ak) Triangle inequality ’Al—)\‘ < ‘)\—)\2’+D(Ak): JAYSR]

Iteration
If \1 € V(Ak) = A\ € V(Aky1) where

Bisr = (3= dal 52 max [[G(Y) = G|



R

Ag = , A=

1 —1
1 -1
1

A\ € 0(Ag + A1N3)

oocoocooocooo
coocooocooo
cooooooo
Ooo0oooooo
coocoocooocooo
coocooocooo
oco0oooooocQ
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Cubic toy example

1 —1 0.
1 —1
1 —1
1 —1
Ag = 1 1 , A=
1 —1
1 —1
1

)\* (S O'(AQ

R

[=l=NeleleNoNe o)
oocoocooocooo
coocooocooo
cooooooo
Ooo0oooooo
coocoocooocooo
coocooocooo
oco0oooooocQ
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Cubic toy example

1 -1 0.

R

[=l=NeleleNoNe o)
oocoocooocooo
coocooocooo
cooooooo
Ooo0oooooo
coocoocooocooo
coocooocooo
oco0oooooocQ

1
A\ € 0(Ag + A1N3)

Given approximation A we compute Ay € o(Ao + A15\3)

Ay = |/\2—)\|+H2||A1|| maz )l)\?:_;\?,‘ =

= Do = X+ rallAsl (3 + &0 = I5F)
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Cubic toy example

1 -1 0.

R

OCOO0OO0OOOO
oocoocooocooo
coocooocooo
ocooocooooo
oo Ooo0oOoOoo
coocoocooocooo
coocooocooo
ococoocoooQ

1
A\ € 0(Ag + A1N3)

Given approximation A we compute Ay € o(Ao + A15\3)

Ay = |/\2—)\|+H2||A1|| maz )|/\3—5\3‘ =

= Dz = X[+ rallAsl (3 + &) - I5F)

As X A — X AD
0.2721+£0.2792/ 0.2722 +0.2787/ 5.82e-04  6.02e-04
0.1447 +£0.9138/ 0.1478 £0.9135/ 3.09e-03  3.89e-03
0.0596 = 1.4842 0.0640 + 1.4848/ 4.49¢-03  9.44e-03
0.0140 + 1.8660/ 0.0160 + 1.8664/ 1.99e-03  1.20e-02

6.5989
-7.5798
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Accuracy iteration (linear comparison)

Compute one step of “Newton” (MSLP): A, € o(G(A) + (A2 — X)G'(N)).
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Accuracy iteration (linear comparison)

Compute one step of “Newton” (MSLP): A, € o(G(A) + (A2 — X)G'(N)).

Iteration (linear)

~ K
Apsi=do—N+—2 _— m

ax GO\ = G(X) = (N = NG (N
1 — 2| G"(N)]| AEV(Ak)H CIESGE)E )GVl
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Accuracy iteration (linear comparison)

Compute one step of “Newton” (MSLP): A, € o(G(A) + (A2 — X)G'(N)).

Iteration (linear)

~ K
Apsi=do—N+—2 _— m

ax GO\ = G(X) = (N = NG (N
1 — 2| G"(N)]| AEV(Ak)H CIESGE)E )GVl

For cubic toy example:

K2

Desr=ho— X+ — "2
1 — 3ro| A2[| Ay

ALl max A3 — X3 —3(A—X)X\?|

m
AEV(Ay)
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Accuracy iteration (linear comparison)

Compute one step of “Newton” (MSLP): A, € o(G(A) + (A2 — X)G'(N)).

Iteration (linear)

K2

A =M= AN+ —2 —— max
e =[P =0 1 — ro|| G'(X)]] AeV(an)

I6() = 6(X) = (A= NG W]

For cubic toy example:

K2

Apsr=do— N +— T2
1 — 3ro| A2[| Ay

JALl max A3 — A3 =3\ — N)A?

m
AEV(Ay)

A X A= X| NG N
02721 £0.2792i 0.2722+0.2787i 582e-04  6.02e-04 5.82e-04
0.1447 +0.9138i 0.1478 £0.9135/ 3.09e-03  3.89¢-03 3.10e-03
0.0506 4 1.4842/ 0.0640 + 1.4848/ 4.49e-03  9.44e-03 4.50e-03
0.0140 + 1.8660i 0.0160 + 1.8664/ 1.99e-03  1.20e-02 1.20e-03

6.5989
-7.5798
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Example (DDE)
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Example (DDE)

Ao ((f ;) n (_11 ‘21) e—A*>

Pick X as first LMS-approximation in DDE-BIFTOOL
?

A ? ? ? ?

A 1.5326 3.0246  -0.58+4.35i -1.44+10.76i -1.89+17.11i
A — A ? ? ? ? ?




Example (DDE)

Ao <(f ;) n (_11 ‘21) e—A*>

Pick X as first LMS-approximation in DDE-BIFTOOL
?

A ? . ? ? ?
A 1.5326 3.0246  -0.58+4.35i -1.44+10.76i -1.89+17.11i
A — A ? ? ? ? ?

AQ 5.04e-05 3.50e-06 Inf Inf Inf

AL 8.94e-06 2.06e-07 -Inf -Inf “Inf




Example (DDE)

Ao <(f ;) n (_11 ‘21) e—A*>

Pick X as first LMS-approximation in DDE-BIFTOOL
?

A ? 7 ? ? ?
X 1.5326 30246  -0.58+4.35i -144+10.76] -1.89+17.11i
A=A ? ? ? ? ?

AO 5.04e-05  3.50e-06 Inf Inf Inf
AD -Inf

8.94¢-06 W‘f\ Inf Inf

A&O) = A2 — 5\| — k|| Alle” ReX Wo(—r]|As|le~ ReS\+|>\2—5\|—HHA1He*Re>\)



Example (DDE)

Ao <(f ;) n (_11 ‘21) e—A*>

Pick X as first LMS-approximation in DDE-BIFTOOL
?

oW ? . ? ? ?
X 1.5326 3.0246  -0.58+4.35i -144+10.761 -1.89-+17.11i
e — X| ? ? ? ? ?

ASP) 5.04e-05 3.50e-06 Inf Inf Inf
NG 8.94e-06  2.06e-07 “Inf -Inf “Inf
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Ao <(f ;) n <_11 ‘21) e—A*>

Pick X as first LMS-approximation in DDE-BIFTOOL
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X 1.5326 3.0246  -0.58+4.35i -144+10.761 -1.89-+17.11i
A — X~ | 8.93e-06 2.06e-07  1.40e-05  5.44e-04  3.48e-03
A&O) 5.04e-05 3.50e-06 Inf Inf Inf
NG 8.94e-06  2.06e-07 “Inf -Inf “Inf
NS 8.94e-06 2.06e-07 1.40e-05 5.45¢-04 3.49¢-03

Normalization

Aea(GN\) e Xea((l — A)THG(N) — NA))
=:H(\)

Let A= G'()\) then H/(A) =0 = 2 =k,

1—koen



Final remarks and future work

@ A Bauer-Fike comparison theorem for nonlinear eigenvalue problems

@ Accuracy of solutions nonlinear eigenvalue problems with a accuracy
iterations

e Future: Relation to method of linear/constant problems

E. Jarlebring (TU Braunschweig) Bauer-Fike and NLEVPs
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Example (DDE)

Ak EO

1.2526+0.8837i
1.1967+1.0464i
1.0924£1.2885i
0.9536+1.5407i
0.7973+1.7675i
0.6404£1.9548i
0.4973+2.0999i
0.3784+2.2058i
0.2900+£2.2771i
0.2359+2.3179;

NG
Inf
Inf
Inf

NaN

NaN

NaN

NaN

NaN
Inf
Inf

NG
-Inf
-Inf
-Inf
-Inf
-Inf
-Inf
-Inf
-Inf
-Inf
“Inf

Agln)
2.62e-02
1.70e-01
2.80e-01

Inf

Inf

Inf
2.70e-01
1.73e-01
5.48e-02
6.46e-02
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