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® The eigenproblem and Newton’s method
® A 2—vector iteration with optimal bordering
® Block—Newton for invariant subspaces

® Alternative bordering — optimal choice of the matrix
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1. Eigenproblem and Newton’s method

The linear eigenvalue problem

Consider A € C™". Find (z,\), 0 # z € C", A € C such that

F(z,\)=(A—X)z =0, F:C!_Cn (E)

3 Kathrin Schreiber, TU Berlin



1. Eigenproblem and Newton’s method

The linear eigenvalue problem

Consider A € C™". Find (z,\), 0 # z € C", A € C such that

F(x,\)=(A—X)z =0, F:C''l-C" (E)

Let \. € C be a geometrically simple eigenvalue of A, i.e.,
there exist eigenvectors z.,y. € C", [|z.|| = [ly«]| =1 such that

ker(A — \I) = span{z.}, ker(A — \.J)" = span {y.}

3 Kathrin Schreiber, TU Berlin



1. Eigenproblem and Newton’s method

The linear eigenvalue problem

Consider A € C™". Find (z,\), 0 # z € C", A € C such that

F(z,\) = (A— X))z =0,

F:Cr! —Cn

(E)

Let \. € C be a geometrically simple eigenvalue of A, i.e.,
there exist eigenvectors z.,y. € C", [|z.|| = [ly«]| =1 such that

ker(A — \I) = span{z.}, ker(A — \.J)" = span {y.}

(A= ANz, =0, yHA-XNI)=0

rs« ... right eigenvector, y. ... left eigenvector
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Eigenproblem and Newton’'s method

Newton’s method on eigenproblems: Unger [50], cf. Zurmihl
[53], Peters/Wilkinson [79], Osborne, Rall, Lancaster...

Add scalar linear normalizing equation to (E) Ny(z) = wfz — 1 = 0, ||w| =
1, wiz, #0
and consider

Fu(z,A) = wlzr — 1 0

F(xz,\)|
Ny(x) B

Am—a:)\] _ [O] (EE)
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Eigenproblem and Newton’'s method

Newton’s method on eigenproblems: Unger [50], cf. Zurmihl
[53], Peters/Wilkinson [79], Osborne, Rall, Lancaster...

Add scalar linear normalizing equation to (E) Ny(z) = wfz — 1 = 0, ||w| =
1, wlz, #£0

and consider
F(x, ) Az — A 0
Fuw(z,\) = : — — EE
&) Nw(sc)] wHy — 1] [O] {E5)
= Fy(z/wz,, Xs) =0, and
A =T . T , A« algebraically simple
OFw(xi, As) = nonsingular i
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Eigenproblem and Newton’'s method

Newton’s method on eigenproblems: Unger [50], cf. Zurmihl
[53], Peters/Wilkinson [79], Osborne, Rall, Lancaster...

Add scalar linear normalizing equation to (E) Ny(z) = wfz —1 = 0, ||w| =
1, wlz, #£0
and consider

F(x, ) Az — A 0
Fuw(z,\) = : — — EE
&) Nw(sc)] wHy — 1] [O] {E5)
A =T . T , A« algebraically simple
OFw(xi, As) = nonsingular i

Given: (u,0) = (z«, \s), ||u|| =1, look for: (u,,0,) = (u+s,0+ pn), i.e., perform
Newton step for (EE) with w =u <=

A—01 u s | _
ul? O |—u N

(AOQI)u] o (A—0Du, = up

wlu, =1
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Eigenproblem and Newton’'s method

Notice: At the solution (z., A\.) we have

IOF (2, M) M| =

(A=) —x.
x 0

k
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Eigenproblem and Newton’'s method

Notice: At the solution (z., A\.) we have

(A=) —x.
x 0

k

IOF (2, M) M| =

= expect problems if y.,z. almost orthogonal!
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Eigenproblem and Newton’'s method

Notice: At the solution (z., A\.) we have

(A=) —x.
x 0

k

IOF (2, M) M| =

= expect problems if y.,z. almost orthogonal!

® Possible if A highly nonnormal

® Then z. bad choice for bordering (A — A\l | — z.),
whereas y. € ker(A — \.[)? = im(A — \.I)* would be optimal
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Eigenproblem and Newton’'s method

Notice: At the solution (z., A\.) we have

OF (z, \)7 Y| = ( >
|0F (4, )7 o | | =T

= expect problems if y.,z. almost orthogonal!

® Possible if A highly nonnormal

® Then z. bad choice for bordering (A — A\l | — z.),
whereas y. € ker(A — \.[)? = im(A — \.I)* would be optimal

Look for methods that work with matrices of the following Kkind

A—-01

v

instead of
utl 0 ut? 0

where v = y., ||v]| =1
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Eigenproblem and Newton’'s method

Idea
Consider (&, A) = (0,\.) as simple bifurcation point of F(z,\) = (A — X))z =0
and apply bifurcation point algorithm Allgower/Schwetlick [ZAMM 1997].

Since the z-part & of the bifurcation point is known to be 0, the bifurcation
equations reduce to scalar equations u(A) = 0, where =z = z(\),pn = p(N) are
implicitly defined by the

singularity system

(A—A)z+ovpu=0 : A—-A v| |z 0
H I.e., H = = €En+1
u’'x = U Of [p 1
NG -~ Jv
C(\u,v) =
where wu,v, |[ul| = [|[v|| = 1 are the current approximations to z.,y., resp., and

we suppose

zlu#0, ylv#0
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2. Generalized RQI

Schwetlick/L&sche [00]
Given: Approximations u,v,0 , ||u|| =|v||=1. Step (u,v,0) — (u,,v.,0,):
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2. Generalized RQI

Schwetlick/L&sche [00]

Given: Approximations u,v,0 , ||u|| =|v||=1. Step (u,v,0) — (u,,v.,0,):
_ (A—061I)
S1: Set C =C(u,v,0) = o
_ i 0 gl @
S2: Solve C = , C =
7 1 v
S3: Set U, = #, v, = #
ol o]l
oHAw o Au
S4: Set 6, = =+
! vHG vHu,
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Generalized RQI

Now: If 0 ¢ A\(A) there holds

u, ~(A—0I)"1tv, v, ~(A—-0I)"Hu

cf. Parlett’s alternating RQI [74]
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Generalized RQI

Now: If 0 ¢ A\(A) there holds

u, ~(A—0I)"1tv, v, ~(A—-0I)"Hu

cf. Parlett’s alternating RQI [74]

convergence: Let A\, be simple and ulz. # 0, vly. # 0. Then there exists
eo > 0, such that GRQI is well defined for all 6y with |6y — .| < &9 and there
holds

(1) 1C (ug, vk, Or) || < Ko

(i) lim oo [|C(uk, v, 0k) || = max{||(A — AI)T||, 1}
(i) 10r11 — M| < K10 — Ai]?

(iv) sinépy1 < Kosin&sinng, sinmpy < Kosinngsin &y

where &, = £ (span{u},span{z.}), n. = £ (span{v;},span{y.}), and M' denotes
the Moore—Penrose Pseudo-Inverse of M
8 Kathrin Schreiber, TU Berlin



3. Block—Newton for invariant subspaces

Aim: computation of multiple or clustered eigenvalues when coefficient ma-
trices singular or bad conditioned in solution (Krylov methods may fail)

A= AT ¢ R™": Losche/Schwetlick/ Timmermann [LAA 98]
A € R™"™ arbitrary: Beyn/KleB/Thiummler [01]
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3. Block—Newton for invariant subspaces

Aim: computation of multiple or clustered eigenvalues when coefficient ma-
trices singular or bad conditioned in solution (Krylov methods may fail)

A= AT ¢ R™": Losche/Schwetlick/ Timmermann [LAA 98]
A € R™"™ arbitrary: Beyn/KleB/Thiummler [01]

Invariant subspace: X = im(X,), X1 = [z1,...,xp] € C"*P, rank(X;) = p invari-

ant subspace of dimension p, if

rEX = Az € X <+<— AX;=X;L; with L, € Cp*P
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3. Block—Newton for invariant subspaces

Aim: computation of multiple or clustered eigenvalues when coefficient ma-
trices singular or bad conditioned in solution (Krylov methods may fail)

A= AT ¢ R™": Losche/Schwetlick/ Timmermann [LAA 98]

A € R™"™ arbitrary: Beyn/KleB/Thiummler [01]

Invariant subspace: X = im(X,), X1 = [z1,...,xp] € C"*P, rank(X;) = p invari-

ant subspace of dimension p, if

reEX = Az e X <— AXi=X11,

with L; € CP*P

Assume: A € C""™ can be reduced to block triangular form by a unitary

similarity transformation

Ly € CP*P, Ly € C9¥4, ptq = n, A(L1)UA(L2) = A(A)

L, H :
A= [X; Y5 ! Ly ] [ X, Ya]H, [ X1 _Ys ] unitary,
b q

= AX) = X1L1, X, € Cxp
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Block—Newton for invariant subspaces

Consider the extended bilinear system

F(X,A)
Nw (X)

AX — XA
WHEX — I,

Fw(X,A) =

_ 0n><q
Oqu

XHW € CP*?  nonsingular <= ¢ = £(im X;,im W) < /2

where W e C™*?, WHW = [,, provided that
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Block—Newton for invariant subspaces

Consider the extended bilinear system

F(X,A)
Nw (X)

AX — XA
WHEX — I,

Fw(X,A) =

_ 0n><q
Oqu

XHW € CP*?  nonsingular <= ¢ = £(im X;,im W) < /2

where W e C™*?, WHW = [,, provided that

Now: Fw(X., A,) =0 where

Xy = Xls, A, = S_lLls and S = (X{{W)_H
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Block—Newton for invariant subspaces

Consider the extended bilinear system

F(X,A)
Nw (X)

Fw(X,A) =

AX — XA
WHEX — I,

|

Oan
Oqu

where W € C»?, WHW = I,, provided that

XHW € CP*?  nonsingular <= ¢ = £(im X;,im W) < /2

Now: Fw(X., A,) =0 where

X. =X, Av = S, S

and S = (XHwW)-H

Derivative:
8F\N()(rA)LS7AI]::

AS —SA—- XM
WHS

|

OFw(X., As) nonsingular <= Xjsimple i.e., A(L1) N A\(L2) = 0

10
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4. Alternative bordering

Idea: Analog to idea of GRQI, define X = X(A), M = M(A) by

_ 0n><p

Ipxp
and apply Newton to M(A) =0 with starting point A = 0O, i.e.
O, =0-0M(©)[M(O).

AX — XA+VM

WX M = |7 T
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4. Alternative bordering

Idea: Analog to idea of GRQI, define X = X(A), M = M(A) by

_ 0n><p
IPXP
and apply Newton to M(A) =0 with starting point A = 0O, i.e.

O, =06 -— aM(@)—l[M(@)].
In vector notation this reads as

vec(0) _
vec([)

where

AX — XA+VM

GWX,M = |7 T

R V
u? o

U vec(X) vec(M) vec(M)

VGC(X)] . g(A) lvec(X)]

R vec(X) + Vvec(M)]

R=RAN=LQIA-AT®IL, U=LU V=LV

and one has

G(A.) nonsingular <= G(A.) nonsingular

In order to apply Newton's method we need to show, that G is nonsingular at
the solution point A,.
11 Kathrin Schreiber, TU Berlin



Alternative bordering

Unfortunately: § can be singular as the following example shows

21 |—300
0 —2| 000 L | H
A=10 0 010]|= = (X1|Y2)7 A(X1]Y?)
00 0 01 0 | Lo
| 00 00 0|
where (XﬂYé) :I5 = [61 €92 | 636465], 1.e. AXl = X114
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Alternative bordering

Unfortunately:

G can be singular as the following example shows

. . -
2 1 —3 00
0 —2| 000 L | H
A=|00 | 010]|= = (X1]Y2)" A(X1|Y2)
00 001 0 | Lo
| 00 00 0|
where (X1| Yé) = I5 = [61 €92 | €3 €4 65], 1.e. AXl = X114
R(L1) Y
L — f—
S(L1) %, 0]
B 1 —-05 1 §
—1
—05 1 -1
—05 1
—0.5
IQA—-LTQI |I®Y 1 11 05 1
1
. — -1 05 1 -1
1 0.5 1
R d 1 0.5
1
1
1
- 1 —

The upper/left part of § has full row rank n-p = 10, but §(L;) has rank drop 1

12
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Alternative bordering

D | E

Lemma 1 Let B = , with D e C"" EF € C"P G € CP*P and let
F1 |\ GH

Xl et st ker[ D | E] = im X1 Then:

M M

B nonsingular <= rank|[D|E]=n and [g} {X

nonsingular.

13
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Alternative bordering

D | E

Lemma 1 Let B = , with D e C"" EF € C"P G € CP*P and let

FE|GH
Xl et st ker[ D | E] = im X1 Then:
M M

| Fl'[x |
B nonsingular <= rank|[D|E]=n and . nonsingular.

Remarks:
® p > dimker(D) is feasible

N : . |\F| . X I
® The second condition is equivalent to £( im all im Py ) < 5-

13 Kathrin Schreiber, TU

Berlin



Alternative bordering

4.1. Nullspace of X +— AX — XA =: R(A)[X]

® Again: A =S'L;S where S arbitrary, nonsingular =

R=AX — XS1L1S = (A(XS™1) — (XS~1)L,)S

14 Kathrin Schreiber, TU Berlin



Alternative bordering

4.1. Nullspace of X +— AX — XA =: R(A)[X]

® Again: A =S'L;S where S arbitrary, nonsingular =

R=AX — XS1L1S = (A(XS™1) — (XS~1)L,)S

® Set Z; = YHXS™!, Z,=YIXS™! then

XS = (X1X2) (X1 X)) ' XS = X121 + X225
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Alternative bordering

4.1. Nullspace of X +— AX — XA =: R(A)[X]

® Again: A =S'L;S where S arbitrary, nonsingular =

R=AX — XS1L1S = (A(XS™1) — (XS~1)L,)S

® Set Z; = YHXS™!, Z,=YIXS™! then

XS = (X1X2) (X1 X)) ' XS = X121 + X225

® Some algebra yields

R=0 < [1WZ1—Z1L1 = 0, T(LQ, Ll)[ZQ] = LoZy— Z5L1 =0

= Zy =0, since A\(L1) N A(L2) = @ and hence
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Alternative bordering

4.1. Nullspace of X +— AX — XA =: R(A)[X]

® Again: A =S'L;S where S arbitrary, nonsingular =

R=AX — XS1L1S = (A(XS™1) — (XS~1)L,)S

® Set Z; = YHXS™!, Z,=YIXS™! then

XS = (X1X2) (X1 X)) ' XS = X121 + X225

® Some algebra yields

R=0 < [1WZ1—Z1L1 = 0, T(LQ, Ll)[ZQ] = LoZy— Z5L1 =0

= Zy =0, since A\(L1) N A(L2) = @ and hence

kerR(A) = {X : AX — XA = O} = {XS_l = X141, InZy — Z1 L1 = 0}
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Alternative bordering

4.1. Nullspace of X +— AX — XA =: R(A)[X]

® Again: A =S"'L;S where S arbitrary, nonsingular =

R=AX — XS1L1S = (A(XS™1) — (XS~1)L,)S

® Set Z; = YHXS™!, Z,=YIXS™! then

XS = (X1X2) (X1 X)) ' XS = X121 + X225

® Some algebra yields

R=0 < [1WZ1—Z1L1 = O, T(LQ, Ll)[ZQ] = LoZy— Z5L1 =0

= Zy =0, since A\(L1) N A(L2) = @ and hence

kerR(A) = {X : AX — XA = O} = {XS_l = X141, InZy — Z1 L1 = 0}

Problem: which dimension p has ker R(A,)?

Clearly: p < p:=dimker R(A,) < p?

exact value depends on structure of Jordan form, see [Gantmacher 1958]

14 Kathrin Schreiber, TU Berlin



5. Feasible choice of the block border-

INgs

Consider the modified matrix

S(A) :=

RV
U? w

15
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5. Feasible choice of the block border-
INgs

RV

Consider the modified matrix G(A) := JE 0

It was: R(A)[X] = AX—-XA=0 = X = X121S, Z18.t. 11727 = Z1L1, L1, Z1 €
Cr*r where dimker(R(A)) =: p, p < p < p* i.e., there exist linearly independent
{B;}"_,, such that

X® = X1B;S ON-System w.r.t. (X,Y) = vec(X)"vec(Y) = trace(X 7Y

and in vector notation
() = vec(X®) = (I ® X1)vec(B;S), where 2O 20) = o
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5. Feasible choice of the block border-
INgs

RV

Consider the modified matrix G(A) := JE 0

It was: R(A)[X] = AX—-XA=0 = X = X121S, Z18.t. 11727 = Z1L1, L1, Z1 €
Cr*r where dimker(R(A)) =: p, p < p < p* i.e., there exist linearly independent
{B;}"_,, such that

X® = X1B;S ON-System w.r.t. (X,Y) = vec(X)"vec(Y) = trace(X 7Y

and in vector notation
() = vec(X®) = (I ® X1)vec(B;S), where 2O 20) = o

X = [SU(l) .. x® | g+ | @) | P+ x(”p)] — [5(11 | X1 | Xz} unitary

ker fR(A) = im()zn), 1.e. :RXH =0
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Feasible choice of the block borderings

fRH
Looking at the upper block of the adjoint matrix G7(A) = VH \/LLH] and
. R
considering its transposed [uH] we get
Rxr=0 <~ x:ffuﬁ, fECﬁ, X{{XHIIﬁ
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Feasible choice of the block borderings

fRH
Looking at the upper block of the adjoint matrix G7(A) = VH \/LLH] and
. R
considering its transposed [uH] we get
Rxr=0 <~ x:ffuﬁ, fECﬁ, X{{XHIIﬁ

UHx =0 U x —0 —0 kUq = U CP*x P
T <— — 1 & = & <= rankUy =p, (U € )

If we choose U = X; the matrix U,; is orthonormal, moreover
UEX =] U U 01, where [ Uy | Uin ] is unitary.
[ A11 \ 12 | ] [ 11 ! 12] Yy

P p?—p
With Lemma 1 the upper block bordering is feasible in the sense of having full

rank. Analogously, the left block is proven to have full rank if V = Y; where Y;
is a basis for the left invariant subspace.
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Feasible choice of the block borderings

Open questions

(i) Can one choose W in a practicable way (using available information)
such that W =1® W gives a regular

RV

S =Ty w

(ii) What is the best structured choice (in terms of the matrix formula-
tion) for the bordering blocks?
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Feasible choice of the block borderings

Open questions

(i) Can one choose W in a practicable way (using available information)
such that W =1® W gives a regular

RV

S =Ty w

(ii) What is the best structured choice (in terms of the matrix formula-
tion) for the bordering blocks?

Thank you for your attention
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