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Outline

• The eigenproblem and Newton’s method

• A 2–vector iteration with optimal bordering

• Block–Newton for invariant subspaces

• Alternative bordering – optimal choice of the matrix
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1. Eigenproblem and Newton’s method

The linear eigenvalue problem

Consider A ∈ Cn×n. Find (x, λ), 0 6= x ∈ Cn, λ ∈ C such that

F (x, λ) = (A− λI)x = 0, F : Cn+1 → Cn (E)
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1. Eigenproblem and Newton’s method

The linear eigenvalue problem

Consider A ∈ Cn×n. Find (x, λ), 0 6= x ∈ Cn, λ ∈ C such that

F (x, λ) = (A− λI)x = 0, F : Cn+1 → Cn (E)

Let λ∗ ∈ C be a geometrically simple eigenvalue of A, i. e.,

there exist eigenvectors x∗, y∗ ∈ Cn, ‖x∗‖ = ‖y∗‖ = 1 such that

ker(A− λ∗I) = span {x∗} , ker(A− λ∗I)H = span {y∗}
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1. Eigenproblem and Newton’s method

The linear eigenvalue problem

Consider A ∈ Cn×n. Find (x, λ), 0 6= x ∈ Cn, λ ∈ C such that

F (x, λ) = (A− λI)x = 0, F : Cn+1 → Cn (E)

Let λ∗ ∈ C be a geometrically simple eigenvalue of A, i. e.,

there exist eigenvectors x∗, y∗ ∈ Cn, ‖x∗‖ = ‖y∗‖ = 1 such that

ker(A− λ∗I) = span {x∗} , ker(A− λ∗I)H = span {y∗}

⇒
(A− λ∗I)x∗ = 0, yH∗ (A− λ∗I) = 0

x∗ ... right eigenvector, y∗ ... left eigenvector
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Eigenproblem and Newton’s method

Newton’s method on eigenproblems: Unger [50], cf. Zurmühl

[53], Peters/Wilkinson [79], Osborne, Rall, Lancaster...

Add scalar linear normalizing equation to (E) Nw(x) = wHx − 1 = 0, ‖w‖ =

1, wHx∗ 6= 0

and consider

Fw(x, λ) =

[
F (x, λ)

Nw(x)

]
=

[
Ax− xλ

wHx− 1

]
=

[
0

0

]
(EE)
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Eigenproblem and Newton’s method

Newton’s method on eigenproblems: Unger [50], cf. Zurmühl

[53], Peters/Wilkinson [79], Osborne, Rall, Lancaster...

Add scalar linear normalizing equation to (E) Nw(x) = wHx − 1 = 0, ‖w‖ =

1, wHx∗ 6= 0

and consider

Fw(x, λ) =

[
F (x, λ)

Nw(x)

]
=

[
Ax− xλ

wHx− 1

]
=

[
0

0

]
(EE)

⇒ Fw(x∗/wHx∗, λ∗) = 0, and

∂ Fw(x∗, λ∗) =

 A− λ∗I −x∗

wH 0

 nonsingular
⇔ λ∗ algebraically simple

⇔ yH∗ x∗ 6= 0
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Eigenproblem and Newton’s method

Newton’s method on eigenproblems: Unger [50], cf. Zurmühl

[53], Peters/Wilkinson [79], Osborne, Rall, Lancaster...

Add scalar linear normalizing equation to (E) Nw(x) = wHx − 1 = 0, ‖w‖ =

1, wHx∗ 6= 0

and consider

Fw(x, λ) =

[
F (x, λ)

Nw(x)

]
=

[
Ax− xλ

wHx− 1

]
=

[
0

0

]
(EE)

⇒ Fw(x∗/wHx∗, λ∗) = 0, and

∂ Fw(x∗, λ∗) =

 A− λ∗I −x∗

wH 0

 nonsingular
⇔ λ∗ algebraically simple

⇔ yH∗ x∗ 6= 0

Given: (u, θ) ≈ (x∗, λ∗), ‖u‖ = 1 , look for: (u+, θ+) = (u+ s, θ + µ), i.e., perform

Newton step for (EE) with w = u ⇐⇒[
A− θI u

uH 0

] [
s

−µ

]
= −

[
(A− θI)u

0

]
⇔ (A− θI)u+ = uµ

uHu+ = 1
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Eigenproblem and Newton’s method

Notice: At the solution (x∗, λ∗) we have

‖∂ F(x∗, λ∗)−1‖ =

∥∥∥∥∥∥
[
(A− λ∗I) −x∗

xH∗ 0

]−1
∥∥∥∥∥∥ ≥ 1

| yH∗ x∗|
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Eigenproblem and Newton’s method

Notice: At the solution (x∗, λ∗) we have

‖∂ F(x∗, λ∗)−1‖ =

∥∥∥∥∥∥
[
(A− λ∗I) −x∗

xH∗ 0

]−1
∥∥∥∥∥∥ ≥ 1

| yH∗ x∗|

⇒ expect problems if y∗, x∗ almost orthogonal!
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Eigenproblem and Newton’s method

Notice: At the solution (x∗, λ∗) we have

‖∂ F(x∗, λ∗)−1‖ =

∥∥∥∥∥∥
[
(A− λ∗I) −x∗

xH∗ 0

]−1
∥∥∥∥∥∥ ≥ 1

| yH∗ x∗|

⇒ expect problems if y∗, x∗ almost orthogonal!

• Possible if A highly nonnormal

• Then x∗ bad choice for bordering (A− λ∗I | − x∗),

whereas y∗ ∈ ker(A− λ∗I)H = im(A− λ∗I)⊥ would be optimal
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Eigenproblem and Newton’s method

Notice: At the solution (x∗, λ∗) we have

‖∂ F(x∗, λ∗)−1‖ =

∥∥∥∥∥∥
[
(A− λ∗I) −x∗

xH∗ 0

]−1
∥∥∥∥∥∥ ≥ 1

| yH∗ x∗|

⇒ expect problems if y∗, x∗ almost orthogonal!

• Possible if A highly nonnormal

• Then x∗ bad choice for bordering (A− λ∗I | − x∗),

whereas y∗ ∈ ker(A− λ∗I)H = im(A− λ∗I)⊥ would be optimal

⇒ Look for methods that work with matrices of the following kind A− θI v

uH 0

 instead of

 A− θI u

uH 0



where v ≈ y∗, ‖v‖ = 1
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Eigenproblem and Newton’s method

Idea
Consider (x̂, λ̂) = (0, λ∗) as simple bifurcation point of F (x, λ) = (A − λI)x = 0

and apply bifurcation point algorithm Allgower/Schwetlick [ZAMM 1997].

Since the x-part x̂ of the bifurcation point is known to be 0, the bifurcation

equations reduce to scalar equations µ(λ) = 0, where x = x(λ), µ = µ(λ) are

implicitly defined by the

singularity system

(A− λI)x+ vµ = 0

uHx = 1
i.e.,

[
A− λI v

uH 0

]
︸ ︷︷ ︸
C(λ, u, v)

[
x

µ

]
︸︷︷︸
x̂

=

[
0

1

]
= en+1

where u, v, ‖u‖ = ‖v‖ = 1 are the current approximations to x∗, y∗, resp., and

we suppose

xH∗ u 6= 0, yH∗ v 6= 0
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2. Generalized RQI
Schwetlick/Lösche [00]

Given: Approximations u, v, θ , ‖u‖ = ‖v‖ = 1. Step (u, v, θ) 7→ (u+, v+, θ+) :
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2. Generalized RQI
Schwetlick/Lösche [00]

Given: Approximations u, v, θ , ‖u‖ = ‖v‖ = 1. Step (u, v, θ) 7→ (u+, v+, θ+) :

S1: Set C = C(u, v, θ) =

[
(A− θI) v

uH 0

]

S2: Solve C

[
ũ

µ

]
=

[
0

1

]
, CH

[
ṽ

ν

]
=

[
0

1

]

S3: Set u+ =
ũ

‖ũ‖
, v+ =

ṽ

‖ṽ‖

S4: Set θ+ =
ṽHAũ

ṽHũ
=
vH+ Au+

vH+ u+
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Generalized RQI

Now: If θ /∈ λ(A) there holds

u+ ∼ (A− θI)−1v, v+ ∼ (A− θI)−Hu

cf. Parlett’s alternating RQI [74]
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Generalized RQI

Now: If θ /∈ λ(A) there holds

u+ ∼ (A− θI)−1v, v+ ∼ (A− θI)−Hu

cf. Parlett’s alternating RQI [74]

Convergence: Let λ∗ be simple and uH0 x∗ 6= 0, vH0 y∗ 6= 0. Then there exists

ε0 > 0, such that GRQI is well defined for all θ0 with |θ0 − λ∗| ≤ ε0 and there

holds

(i) ‖C(uk, vk, θk)−1‖ ≤ K0

(ii) limk→∞ ‖C(uk, vk, θk)−1‖ = max{‖(A− λ∗I)†‖, 1}

(iii) |θk+1 − λ∗| ≤ K1|θk − λ∗|2

(iv) sin ξk+1 ≤ K2 sin ξk sin ηk, sin ηk+1 ≤ K2 sin ηk sin ξk

where ξk = ](span{uk}, span{x∗}), ηk = ](span{vk}, span{y∗}), and M † denotes

the Moore–Penrose Pseudo-Inverse of M
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3. Block–Newton for invariant subspaces

Aim: computation of multiple or clustered eigenvalues when coefficient ma-

trices singular or bad conditioned in solution (Krylov methods may fail)

A = AT ∈ Rn×n: Lösche/Schwetlick/Timmermann [LAA 98]

A ∈ Rn×n arbitrary: Beyn/Kleß/Thümmler [01]
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3. Block–Newton for invariant subspaces

Aim: computation of multiple or clustered eigenvalues when coefficient ma-

trices singular or bad conditioned in solution (Krylov methods may fail)

A = AT ∈ Rn×n: Lösche/Schwetlick/Timmermann [LAA 98]

A ∈ Rn×n arbitrary: Beyn/Kleß/Thümmler [01]

Invariant subspace: X = im(X1), X1 = [x1, . . . , xp] ∈ Cn×p, rank(X1) = p invari-

ant subspace of dimension p , if

x ∈ X ⇒ Ax ∈ X ⇐⇒ AX1 = X1L1 with L1 ∈ Cp×p
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3. Block–Newton for invariant subspaces

Aim: computation of multiple or clustered eigenvalues when coefficient ma-

trices singular or bad conditioned in solution (Krylov methods may fail)

A = AT ∈ Rn×n: Lösche/Schwetlick/Timmermann [LAA 98]

A ∈ Rn×n arbitrary: Beyn/Kleß/Thümmler [01]

Invariant subspace: X = im(X1), X1 = [x1, . . . , xp] ∈ Cn×p, rank(X1) = p invari-

ant subspace of dimension p , if

x ∈ X ⇒ Ax ∈ X ⇐⇒ AX1 = X1L1 with L1 ∈ Cp×p

Assume: A ∈ Cn×n can be reduced to block triangular form by a unitary

similarity transformation

A = [X1 Y2]

[
L1 H

0 L2

]
[X1 Y2]H , [ X1︸︷︷︸

p

Y2︸︷︷︸
q

] unitary,

L1 ∈ Cp×p, L2 ∈ Cq×q, p+q = n, λ(L1)∪λ(L2) = λ(A) ⇒ AX1 = X1L1, X1 ∈ Cn×p
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Block–Newton for invariant subspaces

Consider the extended bilinear system

FW(X,Λ) =

[
F (X,Λ)

NW (X)

]
=

[
AX −XΛ

WHX − Ip

]
=

[
0n×q
0q×q

]

where W ∈ Cn×p, WHW = Ip, provided that

XH
1 W ∈ Cp×p nonsingular ⇐⇒ ψ = ]( imX1, imW ) < π/2
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Block–Newton for invariant subspaces

Consider the extended bilinear system

FW(X,Λ) =

[
F (X,Λ)

NW (X)

]
=

[
AX −XΛ

WHX − Ip

]
=

[
0n×q
0q×q

]

where W ∈ Cn×p, WHW = Ip, provided that

XH
1 W ∈ Cp×p nonsingular ⇐⇒ ψ = ]( imX1, imW ) < π/2

Now: FW(X∗,Λ∗) = 0 where

X∗ = X1S, Λ∗ = S−1L1S and S = (XH
1 W )−H
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Block–Newton for invariant subspaces

Consider the extended bilinear system

FW(X,Λ) =

[
F (X,Λ)

NW (X)

]
=

[
AX −XΛ

WHX − Ip

]
=

[
0n×q
0q×q

]

where W ∈ Cn×p, WHW = Ip, provided that

XH
1 W ∈ Cp×p nonsingular ⇐⇒ ψ = ]( imX1, imW ) < π/2

Now: FW(X∗,Λ∗) = 0 where

X∗ = X1S, Λ∗ = S−1L1S and S = (XH
1 W )−H

Derivative:

∂FW(X,Λ)[S,M ] =

[
AS − SΛ−XM

WHS

]

∂FW(X∗,Λ∗) nonsingular ⇐⇒ X1 simple i.e., λ(L1) ∩ λ(L2) = ∅
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4. Alternative bordering

Idea: Analog to idea of GRQI, define X = X(Λ), M = M(Λ) by

G(Λ)[X,M ] =

[
AX −XΛ + VM

UHX

]
=

[
0n×p
Ip×p

]

and apply Newton to M(Λ) = 0 with starting point Λ = Θ, i.e.

Θ+ = Θ− ∂M(Θ)−1[M(Θ)].
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4. Alternative bordering

Idea: Analog to idea of GRQI, define X = X(Λ), M = M(Λ) by

G(Λ)[X,M ] =

[
AX −XΛ + VM

UHX

]
=

[
0n×p
Ip×p

]

and apply Newton to M(Λ) = 0 with starting point Λ = Θ, i.e.

Θ+ = Θ− ∂M(Θ)−1[M(Θ)].

In vector notation this reads as[
vec(0)

vec(I)

]
=

[
R vec(X) + Vvec(M)

UHvec(X)

]
=

[
R V

UH 0

] [
vec(X)

vec(M)

]
=: G(Λ)

[
vec(X)

vec(M)

]
where

R = R(Λ) = Ip ⊗A− ΛT ⊗ In, U = Ip ⊗ U, V = Ip ⊗ V

and one has

G(Λ∗) nonsingular ⇐⇒ G(Λ∗) nonsingular

In order to apply Newton’s method we need to show, that G is nonsingular at

the solution point Λ∗.
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Alternative bordering

Unfortunately: G can be singular as the following example shows

A =


1
2

1 −1
2

0 0

0 −1
2

0 0 0

0 0 0 1 0

0 0 0 0 1

0 0 0 0 0

 =

 L1 H

0 L2

 = (X1|Y2)
HA(X1|Y2)

where (X1|Y2) = I5 = [e1 e2 | e3 e4 e5], i.e. AX1 = X1L1
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Alternative bordering

Unfortunately: G can be singular as the following example shows

A =


1
2

1 −1
2

0 0

0 −1
2

0 0 0

0 0 0 1 0

0 0 0 0 1

0 0 0 0 0

 =

 L1 H

0 L2

 = (X1|Y2)
HA(X1|Y2)

where (X1|Y2) = I5 = [e1 e2 | e3 e4 e5], i.e. AX1 = X1L1

G(L1) =

[
R(L1) Y1

X1 0

]
=

 I ⊗A− LT1 ⊗ I I ⊗ Y1

I ⊗XT
1 0

 =



1 −0.5 1
−1 1

−0.5 1 −1
−0.5 1

−0.5
−1 1 1 −0.5 1

−1 1
−1 0.5 1 −1

−1 0.5 1
−1 0.5

1
1

1
1


The upper/left part of G has full row rank n ·p = 10, but G(L1) has rank drop 1
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Alternative bordering

Lemma 1 Let B =

 D E

FH GH

 , with D ∈ Cn×n, E, F ∈ Cn×p, G ∈ Cp×p and let

26664XM
37775 ∈ C(n+p)×p s.t. ker[D |E ] = im

26664XM
37775. Then:

B nonsingular ⇐⇒ rank [D |E ] = n and

26664FG
37775

H 26664XM
37775 nonsingular.
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Alternative bordering

Lemma 1 Let B =

 D E

FH GH

 , with D ∈ Cn×n, E, F ∈ Cn×p, G ∈ Cp×p and let

26664XM
37775 ∈ C(n+p)×p s.t. ker[D |E ] = im

26664XM
37775. Then:

B nonsingular ⇐⇒ rank [D |E ] = n and

26664FG
37775

H 26664XM
37775 nonsingular.

Remarks:

• p > dim ker(D) is feasible

• The second condition is equivalent to ]( im

26664FG
37775, im

26664XM
37775) < Π

2
.
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Alternative bordering

4.1. Nullspace of X 7→ AX−XΛ =: R(Λ)[X]

• Again: Λ = S−1L1S where S arbitrary, nonsingular ⇒

R = AX −XS−1L1S = (A(XS−1)− (XS−1)L1)S
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Alternative bordering

4.1. Nullspace of X 7→ AX−XΛ =: R(Λ)[X]

• Again: Λ = S−1L1S where S arbitrary, nonsingular ⇒

R = AX −XS−1L1S = (A(XS−1)− (XS−1)L1)S

• Set Z1 = YH
1 XS−1, Z2 = YH

2 XS−1, then

XS−1 = (X1X2)(X1X2)
−1XS−1 = X1Z1 +X2Z2
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Alternative bordering

4.1. Nullspace of X 7→ AX−XΛ =: R(Λ)[X]

• Again: Λ = S−1L1S where S arbitrary, nonsingular ⇒

R = AX −XS−1L1S = (A(XS−1)− (XS−1)L1)S

• Set Z1 = YH
1 XS−1, Z2 = YH

2 XS−1, then

XS−1 = (X1X2)(X1X2)
−1XS−1 = X1Z1 +X2Z2

• Some algebra yields

R = 0 ⇔ L1Z1 − Z1L1 = 0, T (L2, L1)[Z2] = L2Z2 − Z2L1 = 0

⇒ Z2 = 0, since λ(L1) ∩ λ(L2) = ∅ and hence
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Alternative bordering

4.1. Nullspace of X 7→ AX−XΛ =: R(Λ)[X]

• Again: Λ = S−1L1S where S arbitrary, nonsingular ⇒

R = AX −XS−1L1S = (A(XS−1)− (XS−1)L1)S

• Set Z1 = YH
1 XS−1, Z2 = YH

2 XS−1, then

XS−1 = (X1X2)(X1X2)
−1XS−1 = X1Z1 +X2Z2

• Some algebra yields

R = 0 ⇔ L1Z1 − Z1L1 = 0, T (L2, L1)[Z2] = L2Z2 − Z2L1 = 0

⇒ Z2 = 0, since λ(L1) ∩ λ(L2) = ∅ and hence

kerR(Λ) = {X : AX −XΛ = 0} = {XS−1 = X1Z1, L1Z1 − Z1L1 = 0}
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Alternative bordering

4.1. Nullspace of X 7→ AX−XΛ =: R(Λ)[X]

• Again: Λ = S−1L1S where S arbitrary, nonsingular ⇒

R = AX −XS−1L1S = (A(XS−1)− (XS−1)L1)S

• Set Z1 = YH
1 XS−1, Z2 = YH

2 XS−1, then

XS−1 = (X1X2)(X1X2)
−1XS−1 = X1Z1 +X2Z2

• Some algebra yields

R = 0 ⇔ L1Z1 − Z1L1 = 0, T (L2, L1)[Z2] = L2Z2 − Z2L1 = 0

⇒ Z2 = 0, since λ(L1) ∩ λ(L2) = ∅ and hence

kerR(Λ) = {X : AX −XΛ = 0} = {XS−1 = X1Z1, L1Z1 − Z1L1 = 0}

Problem: which dimension p̂ has kerR(Λ∗)?

Clearly: p ≤ p̂ := dim kerR(Λ∗) ≤ p2

exact value depends on structure of Jordan form, see [Gantmacher 1958]
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5. Feasible choice of the block border-
ings

Consider the modified matrix G(Λ) :=

[
R V

UH W

]



•First •Prev •Next •Last •Full Screen •Close •Quit

15 Kathrin Schreiber, TU Berlin

5. Feasible choice of the block border-
ings

Consider the modified matrix G(Λ) :=

[
R V

UH W

]

It was: R(Λ)[X] = AX−XΛ = 0 ⇐⇒ X = X1Z1S, Z1 s.t. L1Z1 = Z1L1, L1, Z1 ∈
C p×p where dim ker(R(Λ)) =: p̂, p ≤ p̂ ≤ p2, i.e., there exist linearly independent

{Bi}p̂i=1, such that

X(i) = X1BiS ON–System w.r.t. 〈X,Y 〉 = vec(X)Hvec(Y ) = trace(XHY )

and in vector notation

x(i) = vec(X(i)) = (I ⊗X1)vec(BiS), where x(i)Hx(j) = δij
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5. Feasible choice of the block border-
ings

Consider the modified matrix G(Λ) :=

[
R V

UH W

]

It was: R(Λ)[X] = AX−XΛ = 0 ⇐⇒ X = X1Z1S, Z1 s.t. L1Z1 = Z1L1, L1, Z1 ∈
C p×p where dim ker(R(Λ)) =: p̂, p ≤ p̂ ≤ p2, i.e., there exist linearly independent

{Bi}p̂i=1, such that

X(i) = X1BiS ON–System w.r.t. 〈X,Y 〉 = vec(X)Hvec(Y ) = trace(XHY )

and in vector notation

x(i) = vec(X(i)) = (I ⊗X1)vec(BiS), where x(i)Hx(j) = δij

X̃ =
[
x(1) . . . x(p̂) | x(p̂+1) . . . x(p2) | x(p2+1) . . . x(np)

]
=

[
X̃11 | X̃12 | X̃2

]
unitary

ker R(Λ) = im(X̃11), i.e. RX̃11 = 0
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Feasible choice of the block borderings

Looking at the upper block of the adjoint matrix GH(Λ) =

[
RH U

VH WH

]
and

considering its transposed

[
R

UH

]
we get

Rx = 0 ⇐⇒ x = X̃11 ξ, ξ ∈ Cp̂, X̃H
11X̃11 = Ip̂
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Feasible choice of the block borderings

Looking at the upper block of the adjoint matrix GH(Λ) =

[
RH U

VH WH

]
and

considering its transposed

[
R

UH

]
we get

Rx = 0 ⇐⇒ x = X̃11 ξ, ξ ∈ Cp̂, X̃H
11X̃11 = Ip̂

UHx = 0 ⇐⇒ UHX̃11︸ ︷︷ ︸
=:U11

ξ = 0 ⇒ ξ = 0 ⇐⇒ rank U11 = p̂, (U11 ∈ Cp2× p̂ )

If we choose U = X1 the matrix U11 is orthonormal, moreover

UHX̃ = [ U11︸︷︷︸
p̂

| U12︸︷︷︸
p2−p̂

| 0 ], where [ U11 |U12 ] is unitary.

With Lemma 1 the upper block bordering is feasible in the sense of having full

rank. Analogously, the left block is proven to have full rank if V = Y1 where Y1

is a basis for the left invariant subspace.
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Feasible choice of the block borderings

Open questions

(i) Can one choose W in a practicable way (using available information)

such that W = I ⊗W gives a regular

G(Λ) :=

[
R V

UH W

]

(ii) What is the best structured choice (in terms of the matrix formula-

tion) for the bordering blocks?
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Feasible choice of the block borderings

Open questions

(i) Can one choose W in a practicable way (using available information)

such that W = I ⊗W gives a regular

G(Λ) :=

[
R V

UH W

]

(ii) What is the best structured choice (in terms of the matrix formula-

tion) for the bordering blocks?

Thank you for your attention
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