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Introduction

Az =Xz, AeC,zeC"

@ seek A near a given shift o.

@ A is large, sparse, nonsymmetric (discretised PDE: Az = AMx)
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Introduction

Az =Xz, AeC,zeC"

seek A near a given shift o.
A is large, sparse, nonsymmetric (discretised PDE: Az = AMx)
Inverse Iteration: (A —ol)y ==z

Preconditioned iterative solves
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Extensions
@ Inverse Subspace Iteration

2 Jacobi-Davidson method

+ Shift-invert Arnoldi method (Melina Freitag)
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Introduction

Inexact inverse iteration

o Assume z? is an approximate normalised eigenvector
o Iterative solves (e.g. GMRES) of

(A—ol)y =z
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Introduction

Inexact inverse iteration

Assume 2 is an approximate normalised eigenvector
Iterative solves (e.g. GMRES) of

€

©

(A—ol)y =z

inner-outer

|lz® — (A — oDy < 7@ , (+9: solve tolerance)
(14+1)

©

©

©

Rescale y;, to get «
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Introduction

Inexact inverse iteration

Assume 2 is an approximate normalised eigenvector
Iterative solves (e.g. GMRES) of

€

©

(A—ol)y =z

inner-outer

|lz® — (A — oDy < 7@ , (+9: solve tolerance)

Rescale y;, to get 2D

¢ & ¢ ¢

(Right-) preconditioned solves
s P71 “known”

o (A—o)P~lg=2d)  Plg=y.
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Introduction

Convergence of inexact inverse iteration

o Given (¥ and \®
r® = Az — APz Eigenvalue residual

Theorem (Convergence)

If the solve tolerance, T(i),‘is chosen to reduce proportional to the norm of
the eigenvalue residual ||r?|| then we recover the rate of convergence
achieved when using direct solves.

@ other options/strategies possible.
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@ Assume o = 0: Inverse Power method: Ay = z(®
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I oduction

TODAY

@ Assume o = 0: Inverse Power method: Ay = z(®
o AP 'j=2" [ Plj=y.

@ inverse iteration
2 inverse subspace iteration
@ link with Jacobi-Davidson

@ Shift-Invert Arnoldi (Melina Freitag - this afternoon)
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Introduction

TODAY

Assume o = 0: Inverse Power method: Ay = z®
AP lg=3z® [ Plj=y.

@ inverse iteration

€

©

2 inverse subspace iteration
e link with Jacobi-Davidson
Shift-Invert Arnoldi (Melina Freitag - this afternoon)

Always assume decreasing tolerance: 79 = C||Az® — X&)z

€

€
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Example —
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Convection-Diffusion problem

Finite difference discretisation on a 32 x 32 grid of the convection-diffusion
operator
—Au+5ug 4 5uy = on  (0,1)7
with homogeneous Dirichlet boundary conditions (961 x 961 matrix).
@ smallest eigenvalue: A1 ~ 32.18560954,
@ Preconditioned GMRES with tolerance 7(* = 0.01||»(?||,

@ ILU based preconditioners.
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Question

Why is there no increase in inner iterations as ¢ increases? vssiry oF




I oduction

Convection-Diffusion problem: Preconditioning - ||AP~ ', — z®| < 7

inner iterations

10 i
outer iterations

Figure: Inner iterations vs outer iterations

Question

Why is P; ! better than P~'?
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Introduction

Convection-Diffusion problem: Preconditioning - ||AP~ g, — 2@ | < 7()

inner iterations

10 i
outer iterations

Figure: Inner iterations vs outer iterations

Question ‘
Why is P; ! better than P~'? ‘

Also ‘VERS[TYQF
P; is a rank-one change to P, “tuned” to the eigenproblem! m
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© Preconditioned GMRES
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Preconditioned GMRES

Theory: Unpreconditioned solves to find Ay, 21

o 2@ is approximation to x;
Xy

Q x"=0 (sin 9" ) measure for the error

o 2 = cos H(i)xl + sin O(i)au
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Preconditioned GMRES

Theory: Unpreconditioned solves to find Ay, 21

o 2@ is approximation to x;
Xy

Qx"=0(sin 8”) measurefor the error
o 2 = cos H(i)xl + sin O(i)au
o 7 = Az — \Oz® 1rD) < || sin D)

o Parlett (1998) - ideas extend to nonsymmetric problems.

ation with pre



Preconditioned GMRES

GMRES applied to Ay = =

@ y;. after k steps
o [l — Ayil| < 7@ = C[Ir?|
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Preconditioned GMRES

GMRES applied to Ay = =

@ y;. after k steps
o [l2® — Ayl <7 = C|Ir @

o

|2 — Agill = min||p(A)z"||
1 , .
< min||g_1(A)I — )\—A)(cose(l)xl +sin 0@z
1
< Cp'sind?, 0<p<1.

ino@®
e k>14+Ch (logC'z + log 3125) )

@ bound on k does not increase with .
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GMRES applied to Ay = =

@ y;. after k steps

o ||z — Ay|| < 7@ = O @
)
Iz — Ayl = min|lp(4)z?|
< minl|/g—1(A)(I — )%A)(cose(i)xl +sin 0@z
< Cp'sind?, 0<p<1.

€

)
k>14C1 (log Cs + log 3125) )

bound on k& does not increase with 4.

€

Reason: LII(’L) = Ccos 0(1)1;1 + sin G(i)xJ_

[

z® = ‘ eigenvector of A +  “term” — 0
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GMRES applied to AP~1j = 2(®

o AP 'y; = piut: (p1,u1) eigenpair nearest zero of AP!

o 2 = cos 0D uy + sin 6P u,
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onditioned GMRES

GMRES applied to AP~1j = 2(®

o AP 'y; = piut: (p1,u1) eigenpair nearest zero of AP!
o 2 = cos é(i)ul + sin é(i)ul

. - i A
e k>1+C1 (long +log%)

@ BUT sin0® — 0 only if u1 € span{z1} generally won’t hold
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Preconditioned GMRES

GMRES applied to AP~1j = 2(®

o AP 'y; = piut: (p1,u1) eigenpair nearest zero of AP!
o 2 = cos é(i)ul + sin é(i)ul
. - i A
e k>1+C1 (long +log%)
BUT sin 69 — 0 only if u; € span{z1} generally won’t hold
sin 0% 4 0

inner iteration costs increase with %.

¢ © ¢ ¢

Reason: z( = cos 8y; + sin 8Dy |

2 =|eigenvector of AP™' 4+  “term” -0
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onditioned GMRES

New “tuned” preconditioner P;
1

@ Idea: recreate the good relationship between the right hand side and
the iteration matrix

@ = eigenvector of iteration matrix + “term” — 0
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onditioned GMRES

New “tuned” preconditioner P;

@ Idea: recreate the good relationship between the right hand side and
the iteration matrix

@ = eigenvector of iteration matrix + “term” — 0

@ Define oy
P; = P+ (A — P)z®z®

@ P; is a rank one change to P (Sherman-Morrison)
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Preconditioned GMRES

New “tuned” preconditioner P;

@ Idea: recreate the good relationship between the right hand side and
the iteration matrix

@ = eigenvector of iteration matrix + “term” — 0

@ Define

P; = P+ (A — P)a®z®"
@ P; is a rank one change to P (Sherman-Morrison)
o Pz = Px® 4 (4 - P)x(i)x(i)H:p(i)
o Az = P;x®
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onditioned GMRES

New “tuned” preconditioner P;

@ Idea: recreate the good relationship between the right hand side and
the iteration matrix
0 .
@ = eigenvector of iteration matrix 4+ “term” — 0
@ Define

P; = P+ (A — P)z®z®"
@ P; is a rank one change to P (Sherman-Morrison)

Piz® = Pe® 4 (A — P)gWg® T @

@

o Az =P;z®

@ Hence ; i
AP7! (42 = Az

o Az is an eigenvector of AP;*
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onditioned GMRES

GMRES with the tuned preconditioner

Recall
o AP;'j=z®
™ A]P’;lA:c(i) = Az®
Is 9 a “nice” RHS for AP~1?
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onditioned GMRES

GMRES with the tuned preconditioner

Recall
o AP;'j=z®
@ A]P’;lA:c(i) = Az®
Is ) a “nice” RHS for AP~'?
0 1 = Az® _ 2@ zp0 L0 %Axa) _ )\t) )
@ Idea of tuning: change iteration matrix so that

2 =

eigenvector of AP, +  “term” —0




onditioned GMRES

GMRES with the tuned preconditioner

Recall
o AP;'j=z®
@ A]P’;lA:c(i) = Az®
Is ) a “nice” RHS for AP~'?
0 1 = Az® _ 2@ zp0 L0 )\t) Az _ )\t) )
@ Idea of tuning: change iteration matrix so that

2" = eigenvector of AP 4+ “erm” — 0

o GMRES analysis is essentially the same as for unpreconditioned case

@ No increase in inner iterations as 7 increases
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onditioned GMRES

GMRES with the tuned preconditioner

Recall
o AP;'j=z®
@ A]P’;lA:c(i) = Az®
Is ) a “nice” RHS for AP~'?
0 1 = Az® _ 2@ zp0 L0 )\t) Az _ )\t) )
@ Idea of tuning: change iteration matrix so that

2" = eigenvector of AP 4+ “erm” — 0

o GMRES analysis is essentially the same as for unpreconditioned case
@ No increase in inner iterations as ¢ increases

@ Explains the numerical results earlier
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Theory for tuned preconditioner

@ As before om
P, = P+ (A — P)z"z®

@ Now introduce
Pigeal = P + (A - P):Clle
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Theory for tuned preconditioner

@ As before o
P; = P+ (A— P)zWg®
@ Now introduce

Pigeal = P + (A - P):leltlH

. . —1
s z1 is eigenvector of AP _
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onditioned GMRES

Theory for tuned preconditioner

@ As before om
P, = P+ (A — P)z"z®

@ Now introduce
H
Pacal = P+ (A= P)z1a
e 7 is eigenvector of APiEelal

o APZ! =2, = GMRES converges in 1 step

ideal
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Preconditioned GMRES

Theory for tuned preconditioner

@ As before om
P; = P+ (A — P)zPg®

@ Now introduce
Pigeal = P + (A - P):clle

. . —1
s z1 is eigenvector of AP _

(9

APigelalyj =21 = GMRES converges in 1 step

AP[lg =2z = close to ideal system

(3

(3

= proof of independence of ¢
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Preconditioned GMRES

Theory for tuned preconditioner

@ As before om
P; = P+ (A — P)zPg®

@ Now introduce
Pigeal = P + (A - P):clle

e 7 is eigenvector of APiEelal

9 APiEelalﬂ =21 = GMRES converges in 1 step
° AP[lg =2z = close to ideal system

e+ = proof of independence of i

@ Subspace (block) version (Robbé/Sadkane/Sp.).
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© Inexact Subspace iteration
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t Subspace iter

Numerical Example

@ same PDE example as before (5 — 10)
@ n = 2025, nz = 9945

9 ILU preconditioner, drop tolerance 0.1
@ subspace dimension 6

@

seek first 4 eigenvalues (stop when residual < 107%)
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Unpreconditioned Block-GMRES

500 T T T T T T T T T

450 1

350 1

= 300 B

250 1

inner itertaions k

150 b

100 - 1

0 L L L L L L L L L
0 20 40 60 80 100 120 140 160 180 200

outer iterations i

Figure: Inner iterations vs outer iterations
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Inexact Subspace iteration

Preconditioned Block-GMRES

inner itertaions k;

180

160

140

120

100

50 100
outer iterations i

Inner iterations vs outer iterations

150
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uned precor
ILU preconditioner
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10

outer iterations i

Figure: Residual norms vs outer iterations
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Inexact Subspace iteration

Preconditioned Block-GMRES

T
uned preconditioner]
ILU preconditioner

L L L L L L
0 2000 4000 6000 8000 10000 12000 14000

sum of inner iterations, T'_ k
=07

Figure: Residual norms vs total number of iterations
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Subspace

Numerical Example

matrix market library qc2534
complex symmetric (non-Hermitian)
n = 2534, nz = 463360

ILU preconditioner

subspace dimension 16

¢ © ¢ ¢ ¢ ¢

seek first 10 eigenvalues
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Inexact Subspace iteration

Preconditioned GMRES

inner itertaions k.

400

350
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250

200

150

100

50

Tuned preconditioner

——— ILU preconditioner

outer iterations i

Figure: Inner iterations vs outer

iterations
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Inexact Subspace iteration

Preconditioned GMRES

10 T T T T T
uned preconditioner]
. ILU preconditioner
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sum of inner iterations, T'_ k
=07

Figure: Residual norms vs total number of iterations
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@ Preconditioned RQI and Jacobi-Davidson
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Tuning and Ja

RQI and J-D: Exact solves

Rayleigh quotient iteration

At each iteration a system of the
form

(A= p(a)l)y ==

has to be solved.
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Tuning and Ja

RQI and J-D: Exact solves

Rayleigh quotient iteration

At each iteration a system of the
form

(A= p(a)l)y ==

has to be solved.

Jacobi-Davidson method

At each iteration a system of the form
(I —zz™) (A= p(@))(I — zz™)s = —r

has to be solved, where r = (A — p(z)I)z
is the eigenvalue residual and s | x.
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RQI and J-D: Exact solves

. . . . Jacobi-Davidson method
Rayleigh quotient iteration

At each iteration a system of the form
At each iteration a system of the i

form (I —zz™)(A— p(2) )T — 2z™)s = —r
(A= p@)Dy =2

has to be solved. has to be solved, where r = (A — p(z)I)z

is the eigenvalue residual and s | x.

Exact solves
Sleijpen and van der Vorst (1996):

y=a(z+s)

for some constant «
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Preconditioned G

RQI and J-D: Inexact solves

. . . . Jacobi-Davidson method
Rayleigh quotient iteration
. . At each iteration a system of the form
At each iteration a system of the

form (I —zz™) (A - p(@))(I — zz™)s = —r
(A=p(x))y=2

has to be solved. has to be solved, where r = (A — p(x)I)x

is the eigenvalue residual and s L z.
Galerkin-Krylov Solver
@ Simoncini and Eldén (2002), (Hochstenbach and Sleijpen (2003) for
two-sided RQ iteration):

Yr+1 = B(z + si)

for some constant 3 if both systems are solved using a Galerkin-Krylov
subspace method
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Tuning and Ja

RQI and J-D: Preconditioned Solves

Preconditioning for RQ iteration

At each iteration a system of the
form

(A= p(@))P™'j ==z,

(with y = P~1§) has to be solved.
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Tuning and Jac

RQI and J-D: Preconditioned Solves

Preconditioning for JD method
Eicronsibiltic fios O o on At each iteration a system of the form
At each iteration a system of the

form (I — zz™)(A = p(x))(I — zz™) P15 = —r

(A— p(x)[)P‘lg =z, (with s = 13T§) has to be solved. Note
the restricted preconditioner
(with y = P~1§) has to be solved.

P:= (I —zz")P(I — zz™).

Equivalence does not hold!
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Example: sherman5.mtx

fixed shift; (preconditioned) FOM as inner solver

10 T T

T T T T T T T 10 T T T T T T T T T
—e— simplified Jacobi-Davidson without preconditone —e— simplified Jacobi-Davidson with standard 1
— * — Inverse iteration without it " — * — Inverse iteration with standard it
10
-_— 10" -_—
(] S 1’
p= =
8w D 10
> = A |
(] [
= = 10°
3T . 3
> 10 >
3 3 w0’
= =
o . o .
10 10
10°
10°
0 2 4 6 8 _10 }2 14 16 18 20 2 4 6 8 1_0 12_ 14 16 18 20
outer iteration outer iteration
Figure: Convergence history of the Figure: Convergence history of the
eigenvalue residuals; no eigenvalue residuals; standard
preconditioner preconditioner
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Tuning and Ja

Preconditioned Solves

Tuned RQI = preconditioned JD

P73 = g3

Preconditioning for RQ iteration

Inner solves in RQ iteration builds Krylov space

span{e, (A — p(@) )Pz, (A — p(@) )P )%, ...}

UNIVERSITY OF
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Preconditioned Solves

Tuned RQI = preconditioned JD

1P = g8

Preconditioning for RQ iteration

Inner solves in RQ iteration builds Krylov space

span{e, (A — p(@) )Pz, (A — p(@) )P )%, ...}

Preconditioning for JD method

Inner solves in JD method builds Krylov space
span{r, I1; (A — p(z))IIE P~ r, (111 (A — p(z)IIE P~ 1)2r, ..}

P iz

where (I — "BIBH) and Hg’ =1— m

VERSITY OF
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Tuning and Jacobi-Davidson

Consider subspaces

A—A—p(x)]
Lemma
The subspaces
Ky = span{z, AP 'z, (AP~ ")z, ..., (AP~ ")Fz}
and
Ly = span{z, T, I, ATIS P~ ', (HlAHZPP_1)2r, e (HlAHZPP_l)k_lr}
are equivalent.

Proof.
Based on Stathopoulos and Saad (1998). O
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Tuning and .

Equivalence for inexact solves

Theorem
Let both
(A-p(@))P'g==z, y=P'g

and

(I —zz™) (A= p(a))(I — 22™)P'5 = —r, s=P'5
be solved with the same Galerkin-Krylov method. Then
ylljfl =y(z + SiD)-
Proof.
Based on Simoncini and Eldén (2002). O
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Tuning and Ja

Heuristic Explanation of RQI + P = JD + P

o Pr==z
o P=P+(I—P)az
o P=az® 4+ P(I — zz')
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Example: sherman5.mtx

fixed shift; (preconditioned) FOM as inner solver

10 T T T : T T : : :
—e— simplified Jacobi-Davidson without ] 10°
~ % — Inverse _iteration without i —6— simplified Jacobi-Davidson with standard preconditoner]
~  — Inverse iteration with standard preconditioner
10t 10" —#&— Inverse iteration with tuned
®
=1 T 10
3 S 1
7] k=]
@ 10 B
= @ 10
o =
=} )
[ = 107
> 10 o]
< >
) [
2 @ 10
) 2
107 o,
10
. 10°
10°
o 2 4 6 8 10 12 14 16 18 20

outer iteration 2 4 6B 10 2 a4 16 1820
outer iteration
Figure: Convergence history of the
eigenvalue residuals; no
preconditioner

Figure: standard preconditioner for
JD, tuned preconditioner for IT
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Conc

Conclusions

@ When using Krylov solvers for shifted systems (A — ol)y = ¥ in
eigenvalue computations then it is best if the iteration matrix has a
“good relationship” with the right hand side,

@ For any preconditioner the “good relationship” is achieved by a small
rank change called “tuning”,

@ essentially no extra costs,

@ Numerical results on eigenvalue problems obtained from Mixed FEM
Navier-Stokes with DD preconditioner show the same gains.
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