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Backward Perturbation Analysis > Notation

Matrices: A, AA, E, ...
Vectors: b, Ab, f, ...
Scalars: v, 3, ¢, ...
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Backward Perturbation Analysis > Notation

Matrices: A, AA, E, ...
Vectors: b, Ab, f, ...

Scalars: v, 3, ¢, ...

Vector norms: ||v|3=v'v

Matrix norms: ||All2 = omax(A),  ||A]|%2 = trace(AT A)

omin(A): smallest singular value of A

Amin(A): smallest eigenvalue of (real symmetric) A

AT: Moore-Penrose generalized inverse of A
(for a non-zero vector vi = v /||v||3)
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@ The scaled total least squares problem
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The scaled total least squares problem

Given A € R™*" and b € R™, the least squares problem is

rpixn{ IF]2 Ax=b+f}

»
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Backward Perturbation Analysis > The scaled total least squares problem

The scaled total least squares problem

Given A € R™*" and b € R™, the least squares problem is

rpixn{ IF]2 Ax=b+f}

The scaled total least squares (STLS) problem is

min { I[E.+F1I} : (A+Epc=b+f |

E,f,x
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Backward Perturbation Analysis > The scaled total least squares problem

The scaled total least squares problem

Given A € R™*" and b € R™, the least squares problem is

rpixn{ IF]2 Ax=b+f}

The scaled total least squares (STLS) problem is

min{H[E,’Yf]”%—' : (A+E)X:b+f}

E,f,x

The STLS problem reduces to
@ the least squares (LS) problem as vy — 0
@ the total least squares (TLS) problem if v =1

@ the data least squares (DLS) problem as v — oo
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STLS optimality conditions

The STLS problem is equivalent to

b= AxB
-2 2
R I
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Backward Perturbation Analysis > The scaled total least squares problem

STLS optimality conditions

The STLS problem is equivalent to

b — Ax||3
b= A

X 724 x]13

Lemma (Paige and Strako$, 2002)

@ under mild conditions on A and b, a unique STLS solution exists

CMA Harrachov 2007 — 6 of 27

£
r



Backward Perturbation Analysis > The scaled total least squares problem

STLS optimality conditions

The STLS problem is equivalent to

b — Ax||3
b= A

X 724 x]13

Lemma (Paige and Strakos, 2002)

@ under mild conditions on A and b, a unique STLS solution exists

@ assuming these conditions hold, X is optimal if and only if

lb-AsB. b AXIB

AT(b— A%) = —1=— 712 ¢ AP = 2402
Y72+ %113 772+ |I%113

< U%ﬂin(A)
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Backward perturbation analysis
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Backward perturbation analysis

Recent research:

o Consistent linear systems:
Oettli & Prager (64), Rigal & Gaches (67),
D. Higham & N. Higham (92), Varah (94),
J.G. Sun & Z. Sun (97), Sun (99), etc.
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o Consistent linear systems:
Oettli & Prager (64), Rigal & Gaches (67),
D. Higham & N. Higham (92), Varah (94),
J.G. Sun & Z. Sun (97), Sun (99), etc.

@ LS problems:
Stewart (77), Waldén, Karlson & Sun (95), Sun (96,97), Gu (98),
Grcar, Saunders & Su (04), Golub & Su (05)

@ DLS problems: Chang, Golub & Paige (06)
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Backward Perturbation Analysis > Backward perturbation analysis

Backward perturbation analysis for STLS

Given an approximate STLS solution 0 # y € R”, we seek minimal
perturbations AA and Ab such that y is the exact STLS solution of
the perturbed problem:

(b + Ab) — (A+ AA)X|3
772+ ||x]I3

y = argmin
X
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Backward perturbation analysis for STLS

Given an approximate STLS solution 0 # y € R”, we seek minimal
perturbations AA and Ab such that y is the exact STLS solution of
the perturbed problem:

(b + Ab) — (A+ AA)x||3
772+ |Ix]13

y = argmin
X

Applications:
o if AA and Ab are small, we can say y is a backward stable
(ie. numerically acceptable) solution
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Backward Perturbation Analysis > Backward perturbation analysis

Backward perturbation analysis for STLS

Given an approximate STLS solution 0 # y € R”, we seek minimal
perturbations AA and Ab such that y is the exact STLS solution of
the perturbed problem:

(b + Ab) — (A+ AA)x||3
772+ |Ix]13

y = argmin
X

Applications:
o if AA and Ab are small, we can say y is a backward stable
(ie. numerically acceptable) solution

@ this can be used to design stopping criteria for iterative methods
for large sparse problems
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A pseudo-minimal backward error 1
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Backward Perturbation Analysis > A pseudo-minimal backward error p

The minimal backward error problem

The minimal backward error problem:

i AA A
amin o IBA B8] )

where

G = {[AA Ab] : y = argmin |(b+ Ab) — (A+ AA)X|3 }

772+ Ix113
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Backward Perturbation Analysis > A pseudo-minimal backward error p

The set §

Recall the STLS optimality conditions:

~ ~ b—AX|2 A
h(A,b,%) = AT(b—Ax)—i—V”_T”)?””?%x =0,

llb—A%]13 < o2 (A)

—— ot
Y2213 min
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Backward Perturbation Analysis > A pseudo-minimal backward error p

The set §

Recall the STLS optimality conditions:

hAbR) = AT(b—A%)+ 15205 — o,

e SEE
— X115 2
R < Tmin(A)

Therefore

¢ = {[AA Ab] : y =argmin I(b+ Ab) — (A+ AA)x|3 }

772+ ||x]13
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Backward Perturbation Analysis > A pseudo-minimal backward error 1

The set §

Recall the STLS optimality conditions:

h(A, b,%) = AT(b AR) + ”fg:"ﬁ””%& — 0,
Xll2

llb—A%||3 < (A)

2V HRIE O min

Therefore

¢ = {[AA Ab] : y =argmin I(b+ Ab) — (A+ AA)x|3 }

772+ |Ix]13

b+Ab)—(A+AA)y||2
IS 722_’(_||y||% )Y||2 < Umln(A+AA) }

{ [AA,Ab] : h(A+ AA b+ Aby) = 0,

CMA Harrachov 2007 — 12 of 27



Backward Perturbation Analysis > A pseudo-minimal backward error 1

The superset G

The inequality makes the problem difficult...

{ [AA,Ab] : h(A+ AA b+ Ab,y) = 0,

|(b+Ab)—(A+AA)y|3
TR S TmnlA+AA) }
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Backward Perturbation Analysis > A pseudo-minimal backward error p

The superset G

The inequality makes the problem difficult...

{ [AA,Ab] : h(A+ AA b+ Ab,y) = O, }
[(b+Ab)—(A+AA)y(3 2
"/_2+HY||% < Umin(A + AA)

We ignore it, and define

Gt ={[AAAb] : h(A+AA b+ Ab,y)=0}
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Backward Perturbation Analysis > A pseudo-minimal backward error 1

The superset G

The inequality makes the problem difficult...

[AA,Ab] © h(A+AA b+ Ab,y) = 0,
{ H(b+A'yb*);J£ﬁ;|€A)yH% < 2. (A+ DAA) }
We ignore it, and define
Gt ={[AAADb] : h(A+AA b+ Ab,y)=0}

We will consider the following pseudo-minimal backward error p:

= i AA, Ab
p=min  LIaA Abe)
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Backward Perturbation Analysis > A pseudo-minimal backward error p

Can we really ignore the inequality?

We are ignoring the inequality in the set G and solving

= i AA, Ab
p=mn (B A8l

This gives the minimal backward distance such that y is a stationary
point (but not necessarily the global minimum).
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Backward Perturbation Analysis > A pseudo-minimal backward error 1

Can we really ignore the inequality?

We are ignoring the inequality in the set G and solving

= i AA, Ab
W= aamin LI 1llF}

This gives the minimal backward distance such that y is a stationary
point (but not necessarily the global minimum).

Let x be the true STLS solution.
There exists an € > 0 such that when ||y — X||2 < ¢,

w(y) is indeed the true minimal backward error.
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A pseudo-minimal backward error

We can find an explicit representation of G+ and minimize over this
set.

Theorem

Define r = b— Ay and
M= A(l - yyh)AT '’ (Ay + 21y l36)(Ay ++2llyli3b) "
1+ llyl3 13 + 41y i3
Then I ||
2 _ 2
= + min {Amin(M), 0}
T 1+(yIB
s
L3S
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Limits v — 0 and v — oo

When v — 0,

ITT

M— AAT — ——
1+ [lyll2

This is consistent with the result of Waldén, Karlson & Sun (95).

CMA Harrachov 2007 — 16 of 27



Backward Perturbation Analysis > A pseudo-minimal backward error p

Limits v — 0 and v — oo

When v — 0,

rrT

M— AAT — ——
1+ [|y|3

This is consistent with the result of Waldén, Karlson & Sun (95).

When v — o0,

.
M — A(l — yyHAT s+ bb"

L+ ylls

This is consistent with the result of Chang, Golub & Paige (06).
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A lower bound for y
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Backward Perturbation Analysis > A lower bound for

A lower bound for u

For any [AA,Ab] € G, h(A+ AA, b+ Ab,y) =0.
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Backward Perturbation Analysis > A lower bound for

A lower bound for u

For any [AA,Ab] € G, h(A+ AA, b+ Ab,y) =0.

Rearranging terms and taking the 2-norm:

I[AA, AB][5 + By [[[AA Ab]l2 — Bo >0

where f(g,01 > 0 are independent of AA and Ab.
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Backward Perturbation Analysis > A lower bound for

A lower bound for u

For any [AA,Ab] € G, h(A+ AA, b+ Ab,y) =0.

Rearranging terms and taking the 2-norm:

IAA, AbJII3 + By -[[[AA Ab]ll2 — o >0

where f(g,01 > 0 are independent of AA and Ab.

—1
po> 20 (ﬂl +1/6% +4ﬁ0) = wip
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Backward Perturbation Analysis > A lower bound for

A lower bound for u

For any [AA,Ab] € G, h(A+ AA, b+ Ab,y) =0.

Rearranging terms and taking the 2-norm:

IAA, AbJII3 + By -[[[AA Ab]ll2 — o >0

where f(g,01 > 0 are independent of AA and Ab.

—1
po> 20 (ﬂl +1/6% +4ﬁ0) = wip

This lower bound can be estimated in O(mn) flops.
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An asymptotic estimate for p
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An asymptotic estimate for

Any [AA, Ab] € G satisfy the normal equations:

h(A+ DA, b+ Ab,y) =0
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Backward Perturbation Analysis > An asymptotic estimate for p

An asymptotic estimate for

Any [AA, Ab] € G satisfy the normal equations:

h(A+ DA, b+ Ab,y) =0

Expanding h(A+ AA, b+ Ab,y) in a Taylor expansion and truncating
lower-order terms, we obtain an asymptotic estimate [i.
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Backward Perturbation Analysis > An asymptotic estimate for

An asymptotic estimate for

Any [AA, Ab] € G satisfy the normal equations:

h(A+ AA, b+ Ab,y) =0

Expanding h(A+ AA, b+ Ab,y) in a Taylor expansion and truncating
lower-order terms, we obtain an asymptotic estimate ji.

lim ji/p=1
y—X
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Computing the asymptotic estimate

Define r = b — Ay,
> 2
_ Y5 — +2
bo=1+IvB, &=yr2ryB, e=llaz7r"*2
5051
and 1
foA;rfzfyT & r
B = : o lIrll2! , c= |=&llrll2y
& Hlrlallyll2( = yy™) 0
[
LN
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Backward Perturbation Analysis > An asymptotic estimate for

Computing the asymptotic estimate

Define r = b — Ay,
2 -2
_ ylig=7"+2
bo=\T1IVB. G=\r2tlyB, &=z +2
5051
and 1
foA;rfzfyT & r
B = : &o llrll2! ;= |=&llrlay
& Hlrlallyll2( = yy™) 0
Then
fi=|BBc|)
[
LN
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@ Numerical experiments and conclusion
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Backward Perturbation Analysis > Numerical experiments and conclusion

Sample numerical test

Tests:
@ When is p actually the minimal backward error?
(How close does y have to be to the true STLS solution for

(b + Ab) — (A+ AA)y|13

2
v < Tmin(A+ BA)

to hold?)
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Backward Perturbation Analysis > Numerical experiments and conclusion

Sample numerical test

Tests:
@ When is p actually the minimal backward error?
(How close does y have to be to the true STLS solution for

(b + Ab) — (A+ AA)y|13

2
v < Tmin(A+ BA)

to hold?)

@ Are uyp and ji good estimates of u?

CMA Harrachov 2007 — 23 of 27



Backward Perturbation Analysis > Numerical experiments and conclusion

Sample numerical test

Data:

o v=1

@ 100 x 40 “random” A with ||A|lf = 1 and kp(A) = 10°
@ E and f are “random” with ||E||f,[|f]2 < 1072

@ b= (A+ E)x+f where x=[1,1,...,1]7
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Backward Perturbation Analysis > Numerical experiments and conclusion

Sample numerical test

Data:

o v=1

@ 100 x 40 “random” A with ||A|lf = 1 and kp(A) = 10°
@ E and f are “random” with ||E||f,[|f]2 < 1072

b= (A+ E)x + f where x = [1,1,...,1]T

Obtain the STLS solution X

®

©

Perturb X “randomly” to obtain y, with ”ﬂ;ﬁ;”z < dx

Run 1000 tests with d, = 1072 and §, = 107!

®

©
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Sample test result: d, = 1072

Wi vs p: blue dots;  fi vs u: red stars

x10°
3, n
(e}
(e}
] g |
2.5 S
Bge
| o & |
2 5%
(e}
15t ]
O
(e}
1, ° (e} 4
0.5 |

0.5 1 15 2 25 3
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Sample test result: d, = 10!

Wi vs p: blue dots;  fi vs u: red stars
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Summary and future work

Given an approximate STLS solution 0 # y € R”, we have found:

@ a pseudo-minimal backward error
(if y is close enough to X, this is the minimal backward error)

@ a lower bound for i (a good, cheap estimate)

@ an asymptotic estimate for p (an excellent estimate)
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@ a pseudo-minimal backward error
(if y is close enough to X, this is the minimal backward error)

@ a lower bound for i (a good, cheap estimate)

@ an asymptotic estimate for p (an excellent estimate)

Future work:
@ find constant bounds for fi/u
@ find a cheap way to compute the asymptotic estimate

@ use these results to design stopping criteria for iterative methods
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Summary and future work

Given an approximate STLS solution 0 # y € R”, we have found:

@ a pseudo-minimal backward error
(if y is close enough to X, this is the minimal backward error)

@ a lower bound for i (a good, cheap estimate)

@ an asymptotic estimate for p (an excellent estimate)

Future work:
@ find constant bounds for fi/u
@ find a cheap way to compute the asymptotic estimate

@ use these results to design stopping criteria for iterative methods

Thank you for your attention!

U1 CMA Harrachov 2007 — 27 of 27



