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HUGE-SCALE PROBLEMSSolve numeri
ally the integral equation

∫

D

1

|x− y|
φ(y)dy = f(x), x, y ∈ D = [0, 1]d

Let d = 3.Subdive the 
ube D into sub
ubes Dijk:
Dijk = [ai−1, ai]× [aj−1, aj]× [ak−1, ak], 0 = a0 < a1 < ... < an = 1

φ(y) ≈ uijk = const íà Dijk (
ollo
ation) ⇒ Au = fVe
tors are asso
iated with dis
rete fun
tions uijk, fijk in the grid with n3 nodes. Matrix A
ontains n6 nonzero entries, none of them 
an be negle
ted, no visible stru
ture in the 
aseof nonuniform grids.

n = 64 ⇒ STORAGE FOR A = 512Gb � not few!
n = 256 ⇒ STORAGE FOR A = 2Pb (1 Pb = 250 byte).A big problem is already with the storage for matrix 
oe�
ients!



CAN WE STILL SOLVE IT?The only idea is to �nd a su�
iently 
lose problem with a prominent low-parametri
 stru
ture de�ned by reasonably few parameters, and then 
onstru
tsome gain-of-the-stru
ture methods.

USE SMOOTHNESS IN MATRICES!SMOOTHNESS = RANK STRUCTURES



SEPARATION OF VARIABLES

f(x2, x2) ≈
r∑

k=1

φ1k(x1)φ2k(x2)

f(x1, x2, ..., xd) ≈
r∑

k=1

φ1k(x1)φ2k(x2)...φdk(xd)

Minimal possible r is 
alled tensor rank.Assume n nodes along every dire
tion (mode). Then the number of de�ningparameters: drn≪ nd

Separation of variables in matri
es = low-rank approximation:
A ≈ Ar = u1v

⊤
1 + ... + urv

⊤
rThe number of de�ning parameters: 2rn≪ n2.

Separation of variables in multidemensional matri
es(arrays, tensors) = approximations of low tensor rank.



APPROXIMATION OF MATRICES AND 3D ARRAYSReshaping (reordering of multi-indi
es):

aij = a(i1,i2,i3)(j1,j2,j3) = a(i1,j1)(i2,j2)(i3,j3) = aijk

i = (i1, j1), j = (i2, j2), k = (i3, j3).Tensor approximation of a matrix:
A ≈ Ãr =

r∑

t=1

Ut × Vt ×Wt, Ut = [u(i1,j1)t], Vt = [v(i2,j2)t], Wt = [w(j3,j3)t].Trilinear approximation of a tensor (3D array):
A = [aijk], aijk ≈ ãijk =

r∑

t=1

uitvjtwkt.

Tensor approx. of a matrix ⇔ Trilinear approx. of a 3D array



IDEA FOR TENSOR COMPRESSIONSEPARATE VARIABLES!
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2 Pb
100 Mb

USE ONLY SMALL PORTION OF DATA!



MAXIMAL VOLUME PRINCIPLEAssume that
||A− [MATRIX OF RANK ≤ k]||2 ≤ ε,and let A be a blo
k matrix of the form

[
A11 A12

A21 A22

]
,where A11 is nonsingular, k × k, and of maximal volume among all k × ksubmatri
es. Then

||A22 −A21A
−1
11 A12||C ≤ (k + 1) ε.

• S.A.Goreinov, E.E.Tyrtyshnikov, N.L.Zamarashkin, A theory of pseudo-skeleton approx-imations, Linear Algebra Appl. 261: 1�21 (1997).
• S.A.Goreinov, E.E.Tyrtyshnikov, The maximal-volume 
on
ept in approximation by low-rank matri
es, Contemporary Mathemati
s, Vol. 208 (2001), 47�51.



2D CROSS APPROXIMATION

Find A ≈ Ãr =
r∑

q=1
uqv

⊤
q (sum of skeletons).0 Initialization: p = 1, j1 = 1.1 Compute 
olumn jp, subtra
t 
urrent approximation values Ãp. Find pivot ip.2 Compute row ip, subtra
t 
urrent approximation values Ãp. Find pivot jp+1 6= jp.3 Using the 
ross (ip, jp), 
onstru
t a new skeleton annihilating this 
ross.4 Che
k stopping 
riterion, set p := p + 1, return to 1.



MILLION-SIZE COMPRESSION IN SECONDS

n 16 384 65 536 262 144 1 048 576TIME (se
.) 0.6 2.7 14.6 61.5Timings for the In
omplete Cross Approximation Algorithm

n 256 1 024 4 096 16 384 65 536

r 8 10 11 14 15

ε̃ 3.3 · 10−6 3.3 · 10−6 3.3 · 10−6 1.8 · 10−6 6.5 · 10−6

||A−B||F/||A||F 2.9 · 10−6 2.6 · 10−6 6.4 · 10−6 2.2 · 10−6 4.7 · 10−6Veri�
ation of the In
omplete Cross Approximation Algorithm

• S. A. Goreinov, E. E. Tyrtyshnikov, N. L. Zamarashkin: A Theory of Pseudo-Skeleton Approximations, Linear Algebra Appl. 261:1�21, 1997.

• E. E. Tyrtyshnikov: In
omplete 
ross approximation in the mosai
-skeleton method, Computing 64, no. 4 (2000), 367�380.

• S. A. Goreinov, E. E. Tyrtyshnikov: The maximal-volume 
on
ept in approximation by low-rank matri
es, Contemporary Mathe-mati
s, Vol. 208, 2001, 47-51.



3D ARRAYS AND MATRICESSli
es in one mode
A k

Matri
es of sli
es

. . .
2A AnA1 A3



TRILINEAR DECOMPOSITIONAll methods are too slowfor n ≥ 128.TUCKER DECOMPOSITION
aijk =

r1∑

i′=1

r2∑

j′=1

r3∑

k′=1

gi′j′k′uii′vjj′wkk′,Tu
ker fa
tors U, V, W are orthogonal matri
es,array G = [gi′j′k′] is mu
h smaller than A.TRILINEAR DECOMPOSITION FOR LARGE n
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3L



TUCKER DECOMPOSITION1. Consider matri
es of sli
es

A(1) = [a1
i(jk)] = [aijk],

A(2) = [a2
j(ki)] = [aijk],

A(3) = [a3
k(ij)] = [aijk],2. Compute SV D for ea
h of them.

A(1) = UΣ1Φ
⊤
1 , A(2) = V Σ2Φ

⊤
2 , A(3) = WΣ3Φ

⊤
3 ,3. Find the Tu
ker 
ore via transformation

gi′j′k′ =
n∑

i=1

n∑

j=1

n∑

k=1

aijkuii′vjj′wkk′.

Complexity = O(n4) plus n3 
omputations of the entries of A.We suggest an algorithm with almost linear 
omplexityComplexity = O(nr3) plus O(nr2) 
omputations of the entriesof A.



3D CROSS EXISTENCE THEOREMSuppose we are aware that
A = G ×i U ×j V ×k W + E, ||E|| = εholds for some U, V, W and G. Then there exist matri
es U ′, V ′ and

W ′ of sizes n1 × r1, n2 × r2 and n3 × r3 and 
onsisting of some r1
olumns, r2 rows and r3 �bers, of A, respe
tively, and a tensor G′ su
hthat
A = G′ ×i U ′ ×j V ′ ×k W ′ + E ′,where

||E ′||C ≤ (r1r2r3 + 2r1r2 + 2r1 + 1)ε.I.Oseledets, D.Savostyanov, E.Tyrtyshnikov,Tu
ker dimensionality redu
tion of three-dimensional arrays in linear time,submitted to SIMAX, 2006.



3D CROSS APPROXIMATIONComplexity = O(n2)
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Find A ≈ Ã =
r∑

q=1
Aq × wq.1 Compute the sli
e Akp, subtra
t approx. values Ã.Find pivot Akp.2 Compute a �ber wp, subtra
t approx. values Ã. Find pivot kp+1 6= kp.3 Skeleton Akp × wp nulli�es the sli
e-by-�ber 
ross.4 Che
k stopping 
riterion, set p := p + 1, return to 1.



3D CROSS APPROXIMATIONComplexity = O(nr4)

Find A ≈ Ã =
r2∑

q=1
uq × vq × wq.1 Compute a 
ross approximation of the sli
e Akp =

r∑
q=1

upqv
⊤
pq,subtra
t approx. values Ã.Find pivot Akp (HOW CAN WE DO THIS?)2 Compute a �ber wp, subtra
t approx. values Ã. Find pivot kp+1 6= kp.3 Skeleton r∑

upq × vpq × wp nulli�es the sli
e-by-�ber 
ross.4 Che
k stopping 
riterion, set p := p + 1, return to 1.



NUMERICAL RESULTS

aijk = 1/
√

i2 + j2 + k2, 1 ≤ i, j, k ≤ nRanks and approximation a

ura
y

1.10−3 1.10−5 1.10−7 1.10−9
n r err r err r err r err64 7 3.7710−4 11 3.9110−6 14 5.710−8 18 2.2110−10128 8 5.1910−4 12 5.9210−6 17 2.0010−8 20 5.6310−10256 9 4.1110−4 14 6.410−6 19 3.4610−8 23 4.510−10512 9 4.9310−4 15 6.6710−6 21 2.9210−8 26 3.2710−101024 10 5.4710−4 17 3.2110−6 23 3.9510−8 29 4.7310−102048 11 4.9810−4 18 5.2610−6 25 6.8310−8 31 5.9410−104096 11 8.410−4 19 4.2510−6 27 3.5610−8 34 3.3810−108192 12 6.810−4 20 6.0010−6 28 5.810−8 36 3.6610−1016384 13 2.6910−4 22 4.7810−6 30 5.6510−8 39 2.6710−1032768 13 8.5210−4 23 6.0910−6 32 7.1610−8 41 5.5110−1065536 14 6.2710−4 24 6.5210−6 34 7.8910−8 43 1.4110−9



NUMERICAL RESULTS

aijk = 1/
√

i2 + j2 + k2, 1 ≤ i, j, k ≤ nRanks and memory savings
1.10−3 1.10−5 1.10−7 1.10−9

n full r mem r mem r mem r mem64 2Mb 7 11 14 18128 16Mb 8 12 17 20256 128Mb 9 14 19 23512 1Gb 9 15 21 261024 8Gb 10 17 23 292048 64Gb 11 18 25 314096 512Gb 11 19 27 348192 4Tb 12 2.5Mb 20 4Mb 28 5.2Mb 36 7Mb16384 32Tb 13 5Mb 22 8Mb 30 11Mb 39 15Mb32768 256Tb 13 10Mb 23 17Mb 32 24Mb 41 20Mb65536 2Pb 14 21Mb 24 36Mb 34 51Mb 43 64Mb



NUMERICAL RESULTS

aijk = 1/(i2 + j2 + k2), 1 ≤ i, j, k ≤ nRanks and approximation a

ura
y

1.10−3 1.10−5 1.10−7 1.10−9
n r err r err r err r err64 8 3.4310−4 12 2.1810−6 15 4.110−8 18 5.6310−10128 9 4.2510−4 13 5.8110−6 18 2.0610−8 21 5.2610−10256 10 4.410−4 15 3.8910−6 20 2.8610−8 24 4.7810−10512 11 4.0710−4 17 3.4910−6 22 3.7810−8 27 4.5510−101024 12 4.7810−4 18 6.2710−6 24 5.3910−8 30 3.710−102048 12 4.0510−4 20 3.7310−6 26 6.2110−8 33 3.3110−104096 13 3.810−4 21 5.2410−6 28 5.1110−8 36 2.3710−108192 14 6.1410−4 22 4.5610−6 31 2.8510−8 38 3.7810−1016384 15 8.0810−4 24 4.1910−6 32 4.10−8 41 5.6510−1032768 15 8.210−4 25 4.6610−6 34 5.4110−8 44 2.410−1065536 16 2.9810−4 26 5.6910−6 36 6.4610−8 46 4.3810−10



NUMERICAL RESULTS

aijk = 1/(i2 + j2 + k2), 1 ≤ i, j, k ≤ nRanks and memory savings
1.10−3 1.10−5 1.10−7 1.10−9

n full r mem r mem r mem r mem64 2Mb 8 12 15 18128 16Mb 9 13 18 21256 128Mb 10 15 20 24512 1Gb 11 17 22 271024 8Gb 12 18 24 302048 64Gb 12 20 26 334096 512Gb 13 21 28 368192 4Tb 14 22 31 3816384 32Tb 15 5Mb 24 9Mb 32 12Mb 41 15Mb32768 256Tb 15 11Mb 25 19Mb 34 26Mb 44 33Mb65536 2Pb 16 24Mb 26 40Mb 36 54Mb 46 69Mb



NUMERICAL RESULTS

aijk = 1/(i2 + j2 + k2)3/2, 1 ≤ i, j, k ≤ nRanks and approximation a

ura
y

1.10−3 1.10−5 1.10−7 1.10−9
n r err r err r err r err64 7 3.8110−4 11 3.4510−6 15 2.0310−8 18 2.5410−10128 8 2.9510−4 12 5.3710−6 16 5.3610−8 20 5.5910−10256 8 3.8210−4 13 6.6810−6 18 6.0910−8 23 2.1710−10512 8 3.5610−4 14 3.9610−6 20 3.7710−8 25 4.2610−101024 8 3.7310−4 15 3.9210−6 21 4.6610−8 27 3.6810−102048 8 3.7210−4 16 2.2110−6 23 2.5810−8 29 4.8110−104096 8 3.7410−4 16 3.8410−6 24 2.510−8 31 4.5310−108192 8 3.7410−4 16 4.1410−6 25 4.9210−8 32 1.0210−916384 8 3.7610−4 16 6.1610−6 25 5.1410−8 34 9.3810−1032768 8 3.7510−4 16 4.8210−6 26 5.4610−8 36 3.4510−1065536 8 3.7510−4 16 9.0010−6 26 7.7810−8 37 5.2810−10



THEORY: TENSOR RANK ESTIMATES

On almost uniform grids h−1 ∼ n

r ≤ c log n log2 ε−1.

E.E.Tyrtyshnikov,Tensor approximations of matri
es generated by asymptoti
ally smoothfun
tions, Sbornik: Mathemati
s 194, No. 5-6 (2003), 941�954(translated from Mat. Sb. 194, No. 6 (2003), 146�160).



PRACTICAL PROOF

aijk = 1/
√

i2 + j2 + k2, 1 ≤ i, j, k ≤ nTensor rank versus array size
+3.236 + 1.945x

�àíã àïïðîêñèìàöèè: ìàññèâ b, òî÷íîñòü 10−7

.
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r ∼ log n



PRACTICAL PROOF

aijk = 1/
√

i2 + j2 + k2, 1 ≤ i, j, k ≤ nTensor rank versus approximation error

−1.000 + 5.000x

−1.000 + 5.000x + 0.000x2

�àíã àïïðîêñèìàöèè: ìàññèâ b, ðàçìåð 216

.
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PRACTICAL PROOF

aijk = 1/(i2 + j2 + k2), 1 ≤ i, j, k ≤ nTensor rank versus array size
+2.782 + 2.127x

�àíã àïïðîêñèìàöèè: ìàññèâ 
, òî÷íîñòü 10−7

.
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PRACTICAL PROOF

aijk = 1/(i2 + j2 + k2), 1 ≤ i, j, k ≤ nTensor rank versus approximation error

+0.619 + 5.024x

+2.107 + 4.369x + 0.060x2

�àíã àïïðîêñèìàöèè: ìàññèâ 
, ðàçìåð 216

.
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ASYMPTOTICS OF TENSOR RANKTheory
r . log n log2 ε−1Pra
ti
e
r ∼ log n log ε−1

+3.182 + 1.455x

�àíã àïïðîêñèìàöèè: ìàññèâ a, òî÷íîñòü 10−9

.
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+2.300 + 2.609x

�àíã àïïðîêñèìàöèè: ìàññèâ b, òî÷íîñòü 10−9

.
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+1.445 + 2.827x

�àíã àïïðîêñèìàöèè: ìàññèâ 
, òî÷íîñòü 10−9

.
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+7.673 + 1.873x

�àíã àïïðîêñèìàöèè: ìàññèâ d, òî÷íîñòü 10−9

.
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+1.119 + 2.524x

+1.119 + 2.524x + 0.000x2

�àíã àïïðîêñèìàöèè: ìàññèâ a, ðàçìåð 214
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−0.548 + 4.440x

−1.589 + 4.899x − 0.042x2

�àíã àïïðîêñèìàöèè: ìàññèâ b, ðàçìåð 214

.
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+1.452 + 4.440x

+0.411 + 4.899x − 0.042x2
�àíã àïïðîêñèìàöèè: ìàññèâ 
, ðàçìåð 214

.
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−4.500 + 4.250x

−2.268 + 3.268x + 0.089x2

�àíã àïïðîêñèìàöèè: ìàññèâ d, ðàçìåð 214

.
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3D TENSOR SOLVER WITH TENSOR VECTORS

∫

D

1

|x− y|
φ(y)dy = f(x), x, y ∈ D = [0 : 1]3

Au = f, uijk, fijk on the grid n× n× n.grid size n 16 32 64 128 256 512full matrix 128Mb 8Gb 512Gb 32Tb 2Pb 128Pbtensor format 50Kb 200Kb 1.1Mb 5Mb 22Mb 96Mbtime 0.3se
 1.5se
 12.4se
 48se
 2.5min 16min



UNIFORM 1D GRIDS ⇒ 3 LEVEL TOEPLITZ MATRICESDOES IT MAKE THINGS EASIER?

Could be so, but only if Toeplitz propertyis 
ombined with some rank stru
tures!



TOEPLITZ AND RANK STRUCTURESIf d = 1 and grid is unform then
A =





a0 a−1 a−2 . . . a1−n

a1 a0 a−1 · · · a2−n

a2 a1 a0 · · · a3−n

· · · · · · · · · · · · · · ·
an−1 an−2 an−3 . . . a0





(Toeplitz matrix)

Zs =





0 ... 0 s
1 . . .

1

0

0



 ⇒ rank(A− ZsAZ⊤t ) ≤ 2



Operator A 7→ A− ZsAZ⊤t = GH⊤ is invertible for st 6= 1:

(1−st)A =
r∑

k=1

Cs(gk)C
⊤
t (hk), G = [g1, ..., gr], H = [h1, ..., hr]

[Cs(v)]ij =

{
vi−j, i− j ≥ 0,

s vn+i−j, i− j < 0.

(s-
ir
ulant)FORMULAS FOR THE INVERSE MATRICES

rank(A−ZsAZ⊤t ) = rank(A−1−Z⊤t A−1Zs) = rank(A−⊤−ZtA
−⊤Z⊤s )Tren
h, Gohberg�Sementsul, Krupnik, Sahnovi
h, Heinig, Kailath, ...



Gohberg�Sementsul:
A−1 = x−1

0





x0

x1 x0

... ... ...
xn ... ... x0









u0 u1 ... un

u0 ... un−1

... ...
u0



−

− x−1
0





0
y0 0
y1 y0 0
... ... ... ...

yn−1 ... ... y0 0









0 v0 v1 ... vn−1

0 v0 ... vn−2

... ... ...
0 v0

0





A





x0

x1

...

xn



 =





1

0
...

0



 , A





y0

...
yn−1

yn



 =





0

...
0

1



 , ui = yn−i, wi = xn−1, 0 ≤ i ≤ n.



A CHALLENGE OF 2D TOEPLITZ MATRICES

Two-level Toeplitz matrix of order n = p2:

A = [ak1−l1], 0 ≤ k1, l1 ≤ p− 1,

ak1−l1 = [ak1−l1,k2−l2], 0 ≤ k2, l2 ≤ p− 1.

A 
an be viewed as a blo
k Toeplitz matrix with p× p blo
ks ⇒Gohberg-Heinig formulas for A−1.But too many parameters: O(n3/2).

PROPOSALWrite (or approximate)

A = A1 ⊗B1 + ... + Ar ⊗Brwith Toeplitz Ai, Bi and r ≪ n.



If a 2-level Toeplitz matrix is in the form

A = A1 ⊗B1 + ... + Ar ⊗Brthen we may expe
t that
A−1 ≈ L1 ⊗ U1 + ... + Lρ ⊗ Uρwith ρ = ρ(r, n, ε)≪ n.But Li, Ui do not inherit Toeplitz property.

Maybe Li, Ui 
an be of low displa
ement rank(a sum or produ
ts of Toeplitz matri
es)?



SUBLINEAR COMPLEXITY FOR 2D TOEPLITZ INVERSIONConsider 2-level Toeplitz matri
es of order N = n2:blo
k Toeplitz with Toeplitz blo
ks of order n.Example: 5-point Lapla
ian. The inverse matrix is approximated by the Newton�S
hultz method
Xk+1 = APPROXIMATION(2Xk −XkAXk)with a rank-stru
tured approxination of all 
omputed matri
es: by matri
es oflimited tensor rank and limited displa
emnet rank if ea
h blo
k.n 642 1282 2562 5122Tensor rank A−1 9 10 11 12Averaged displa
ement rank of A−1 13.5 13.5 16.8 18.6Inversion of the 5-point Lapla
ianTime behaves as O(
√

Nr2
mean), where rmean is the averaged displa
ementrank.Low-parametri
 representations of inverse matri
es 
ontain o(N)parameters. Hen
e, all di�
ulties are relegated to the representationof ve
tors, not matri
es!



A BETTER PROPOSALApproximate Li and Ui byCIRCULANT PLUS LOW-RANK!

THEOREM.tensor rank(I + A⊗ uv⊤ + pq⊤ ⊗B)−1 ≤ 7



TENSOR DECOMPOSITION= SIMULTANEOUS DIAGONALIZATION

aijk =
r∑

s=1

uisvjswks, 1 ≤ i, j ≤ n, 1 ≤ k ≤ r

Ak = [aijl], 1 ≤ i, j ≤ n

Ak = U




wk1 . . .

wkr



 V ⊤, U = [uis], V = [vjs]



If A1, ..., Ar are triangular matri
es, the approximate simultaneous diagonal-ization is not a big deal. So try to redu
e the problem to triangular matri
es!With the least squares, best suitable is ORTHOGONAL redu
tion.FAST SIMULTANEOUS ORTHOGONAL REDUCTIONTO TRIANGULAR MATRICESGiven n×n real matri
es A1, ..., Ar, �nd orthogonal n×n matri
es Q and

Z su
h that matri
es
Bk = QAkZare as upper triangular as possible.

• I.Oseledets, D.Savostyanov, E.Tyrtyshnikov,Fast simultaneous orthogonal redu
tion to triangular matri
es,submitted to SIMAX, 2006.



SIMULTANEOUS EIGENVALUE PROBLEMGiven real matri
es A1, ..., Ar, �nd orthogonal Q and Z making matri
es

QA1Z, ..., QArZ as upper triangular as possible.DEFLATION STEP:
QAkZ ≈

(
λk v⊤k
0 Bk

)
⇔ QAkZe1 ≈ λke1

Akx = λky, x = Ze1, y = Q⊤e1.



ALGORITHM. Given r real matri
es A1, ..., Ar of size n×n, �nd orthog-onal matri
es Q and Z su
h that the matri
es QAkZ are as upper triangularas possible:1. Set m = n, Bi = Ai, i = 1, ..., r, Q = Z = I.2. If m = 1 then stop.3. Solve the simultaneous eigenvalue problem Bkx = λky, k = 1, ..., r.4. Find m×m Householder matri
es Qm, Zm su
h that

x = α1Q
⊤
me1, y = α2Zme1.5. Cal
ulate Ck as (m− 1)× (m− 1) submatri
es of matri
es B̂k de�nedas follows:

B̂k = QBkZ =

(
αk v⊤k
εk Ck

)
.6. Set

Q←
(

I(n−m)×(n−m) 0
0 Qm

)
Q, Z ← Z

(
I(n−m)×(n−m) 0

0 Zm

)
.7. Set m = m− 1, Bk = Ck and pro
eed to the step 2.



REFORMULATION OF SEP

n∑

j=1

(Ak)ijxj = λkyi. (1)Introdu
e r × n matri
es B1, ..., Br:
(Bj)ki = aijk = (Ak)ij, k = 1, ..., r, i = 1, ..., n, j = 1, ..., n,and a 
olumn ve
tor λ = [λ1, ..., λr]

⊤.SEP:

n∑

j=1

xjBj = λy⊤ =




λ1

...
λr



 [
y1 ... yn

]
.

Find a linear 
ombination of the given matri
esto produ
e a rank-1 matrix.



Gauss-Newton algorithm for the simultaneous eigenvalue problemLinearize the system
n∑

j=1

xjBj = λy⊤ =




λ1

...
λr



 [
y1 ... yn

]

and solve the obtained overdetermined linear system

n∑

j=1

x̂jBj = △λy⊤ + λ△y⊤, x̂ = x +△, ||x̂||2 = 1,in the least squares sense.



Gauss-Newton:
n∑

j=1

x̂jBj = △λy⊤ + λ△y⊤, x̂ = x +△, ||x̂||2 = 1.

Implementation Idea No. 1: ex
lude△y and△λk:

Hy = he1, Cλ = ce1using Householder matri
es H and C (of sizes n× n and r × r) su
h that

n∑

j=1

x̂jB̂j = ce1△ŷ⊤ + h△λ̂e⊤1 , (∗)

B̂j = CBjH
⊤, △ŷ = H△y, △λ̂ = C△λ.



Problem (∗) is split into two independent problems:

• To �nd x̂, minimize ||∑n
j=1 Bjxj||2F , ||x|| = 1, where the ma-tri
es bj are obtained from âj by repla
ing the elements in the�rst row and 
olumn by zeroes.

• Then, △ŷ and △λ̂ 
an be determined from the equations

(
n∑

j=1

x̂jB̂j)k1 = h△λ̂k, k = 2, ..., r, (
n∑

j=1

x̂jB̂j)1i = c△ŷi, i = 2, ..., n.

For the two unknowns △ŷ1 and △λ̂1, we have only one equation, so one ofthese unknowns 
an be 
hosen arbitrary.



Implementation Idea No. 2:Our main problem is one of �nding the minimal singular value of a matrix

B = [ve
(B1), ..., ve
(Bn)],where the operator ve
 transforms a matrix into a ve
tor taking the elements
olumn-by-
olumn.Therefore, x̂ is an eigenve
tor (normalized to have a unit norm) forthe minimal eigenvalue of the n× n matrix Γ = B⊤B:

Γx̂ = γminx̂.The elements of Γ are given by
Γsl = (Bs, Bl)Fwhere (·, ·)F is the Frobenius (Eu
lidian) s
alar produ
t of matri
es.To 
al
ulate the new ve
tor x̂, we need to �nd the minimal eigenvalueand its eigenve
tor of Γ.



Solution 
onsists of the two parts:1. Cal
ulation of the matrix Γ.2. Finding the minimal eigenvalue and the 
orresponding eigenve
tor of thematrix Γ.



Sin
e only one eigenve
tor for Γ is to be found, we propose to use the shiftedinverse iteration using x from the previous iteration as an initial guess.COMPLEXITY = O(n3).Straitforward implementation of Step 1 in
ludes

O(n2r + nr2) (
al
ulation of Bj) + O(n2rn)(
al
ulation of the B⊤B)arithmeti
 operations.The total 
ost of the step 1 is
O(n3r + n2r + nr2).IMPORTANT OBSERVATION:

Γ 
an be 
omputed a way more e�
iently without the expli
it 
omputation ofthe Householder matri
es.



NUMERICAL EXPERIMENTSGenerate random two matri
es X and Y of order n and r diagonal matri
es

Λk, k = 1, ..., r, of the same order, and set

Ak = XΛkY, k = 1, ..., r.

The elements of X Y and Λk are drawn from the uniform distribution on

[−1, 1]. De Lathauwer showed that these sequen
e of matri
es have an exa
t

SGSD, be
ause we 
an �nd orthogonal Q and Z su
h that

X = QR1, Y = R2Z,with R1 and R2 being upper triangular.We also 
orrupt these matri
es with multipli
ative noise, setting
(Âk)ij = (Ak)ij(1 + σφ),where φ are taken from the uniform distribution on [−1, 1] and σ is a "noiselevel".



We are interested in the following quantities:

• The 
onvergen
e speed, its dependen
e from n,r, and σ.

• The stability: the dependen
e of the residue of the SGSD from σ.

We have observed that the speed of the algorithm does not depend any pro-noun
edly on σ. We perform two experiments:

• First, we �x r and σ setting them to 10 and 10−6 respe
tively and 
hange

n. The timings (in se
onds) are given in Table 1.
• Se
ond, we set r to be equal to n.Corresponding timings are given in Table 2.

To 
he
k stability we take �xed r = n = 64 and vary the noise level. For ea
hnoise level 10 test sequen
es of matri
es are generated and the mean, maximaland minimum values of the residue are reported.



Table 1 Timings(in se
onds) for the 
omputation of SGCD of 10 n-by-nmatri
es. n Time16 0.0132 0.1164 1.6128 14.77256 210.61Table 2 Timings(in se
onds) for the 
omputation of SGCD of n n-by-nmatri
es. n Time16 0.0232 0.1464 3.41128 54.96256 810.77Table 3 Residues for di�erent noise levels.
σ Mean residue Min residue Max residue

10
−16

2 · 10
−15

9 · 10
−16

5 · 10
−15

10
−15

7 · 10
−15

1 · 10
−15

2 · 10
−14

10
−14

3 · 10
−14

4 · 10
−15

8 · 10
−14

10
−13

5 · 10
−14

4 · 10
−14

8 · 10
−14

10
−12

2 · 10
−12

4 · 10
−13

4 · 10
−12

10
−11

6 · 10
−11

4 · 10
−12

1 · 10
−11

10
−10

4 · 10
−10

4 · 10
−11

1 · 10
−9

10
−9

2 · 10
−8

4 · 10
−10

5 · 10
−8

10
−8

4 · 10
−8

4 · 10
−9

1 · 10
−7

10
−7

2 · 10
−7

4 · 10
−8

7 · 10
−7

10
−6

6 · 10
−7

4 · 10
−7

1 · 10
−6

10
−5

2 · 10
−5

4 · 10
−6

5 · 10
−5

10
−4

4 · 10
−4

4 · 10
−5

1 · 10
−3

10
−3

2 · 10
−3

4 · 10
−4

6 · 10
−3


