‘ Abstract |

The bahaviour of the estimate for the quotient
|"m+i||l/||7o|| is investigated for GMRES(m, k)
method. Sufficient conditions for convergence are
formulated. All estimates are independent of the
choice of an initial approximation.

Let us consider the GMRES method for solving
the non-Hermitian and non-singular system

Ar=b, Aec™™, z,bec™ (1)

In what follows, let ¢ be an initial approxima-
tion, ro = b — Axy # 0 the associated residual,
v = ro/||ro|| and V; = [Av, A%v, ..., Alv].

We will consider the GMRES(m, k) method, what
means that to IC,,,(A, o) a space Y, of dimen-
sion k Is added.

If we carry out the GMRES(m, k) process, we
practically perform the GMRES algorithm, but we
manipulate with the space KC,,(A, 1r9) + Vi In-
stead of IC,,(A,rg). (For more details see Morgan,
Zitko.)

Put s = m + k and let Y, = span{Y:}, where
Yk c Cnxk_

Assumption 1. Let all considered Krylov and

augmented Krylov subspaces have a maximal di-
mension.

1. The first restarted run of GMRES( m, k).
Conclusions for restarted GMRES.

In the first restart we usually put y; = A™T 1 for

j = 1,2,...,k. Hence the estimate for ||rs||?/||ro]|? is
equivalent with the estimate for GMRES(s). The approxi-
mation xs € xg + Ks(A,rg), rs = b — Axs. We have
rs = ||ro||lv — qgs(A)v, where rg L span{Vs} and gs is the
polynomial of degree at most s such that g;(0) = 0. (We
will write gs € PY.)

tis [|r(a)]| = [[7s]], where r(a) = [|rollv — aq(A)v,
q € ’Pg and a € C and the same inequality holds for the
vector r, where r = arg,q) 3”618 |r(c)||. We obtain for

the quotient ||rs||?/||ro]|?:

B |qus<A>v|2)

Irsl1?/llmoll® = |1 (2)
) ( I}Iqs(A)”vlzlz
A
< [1— max min [wd( )12v| ]
qcPoweS, ||q(A)l

|’wHqu|2 =+ |’wHSq’w|2]
1 (q(A))|I?

The matrices Hq and 1S4 denote the Hermitian ~ and

skew-Hermitian part of the matrix g(A) respectively.

Remark 1 {for GMRES(s)}. As scanlieintheset {1,2,...,n—1} we
have the folowing result formulated for GMRES in real case by [Grcar].
Proposition 1. Lets € {1,2,...,n — 1}. If a polynomial g of degree
s with ¢(0) = 0 exists such that

— [1 — max min

min |w”? H,aw| > 0, or min |w”S,w| > 0.

Then GMRES(y) is convergent for all 3 > s, i.e., the iterations converge
to the unique solution of (1).

Remark 2. It holds for arbitrary € S,, and g € P?:

Hq?(A)z = a:H(Hq + iSq)zm =
|Hgz||? — ||Sq||* + i2Re(z™ HySqa).
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Now we apply the original results of [Szyld and Simoncini] for the poly-
nomial g(A) in the complex case and we obtain the following result.
Let H, be nonsingular and ||S,H_*|| < 1 or S, be nonsingular and
|H S '|| < 1. Then Re(x"q*(A)x) > 0 for allz € S, and hence
GMRES(y) is convergent for all 3 > 2s.

2. Augmented GMRES method |

Lety € C™ is added to IC;, (A, 7g). The iteration x,,41 IS
constructed in xg + K (A, r9) + span{y}. In this case
s = m+ 1. Let the corresponding residual vector r,,, 41 be
written in the form

rm+1 = ||[Tollv — (gm(A)v + Bq,,AY), (3)

where the coefficients of the polynomial gq,, € 7?21 and
Byq,, € C are determined such that

rm+1 L span{Vm, Ay}. Especially, 7,41 L
(gm(A)v + Bq,,Ay). Hence for arbitrary polynomial g &€
PY and B € C we have

lrmall < [|7]| where r = ||rollv — g(A)v — BAY=

(|lrollI — q(A))v — A_§ and p(0) = |lro|l. The last
p(A) By
relations yield the following theoretical theorem.

Proposition 2. Letm € {1,2,...,n — 1} and p be a
polynomial of degree at most m, p(0) = ||rg||. If the vector
7y € C" solves the equation

Aj = p(A)v. (4)

Thenrypy1 =r =0.

Similar formulation is given by [Saad.] But to solve the
equation (4) is the problem equivalent with the original one.
Let Y. C C™ be added to IC;, (A, 79). We have, roughly
speaking, two opportunities in practice:

The space Y. Is chosen arbitrary, or

The space Y. Is an invariant subspace.

Bacause the estimates are formally identical, we will sup-
pose that Y, is an invariant subspace. All estimates will be
considered after the second restart.

3. Let an invariant subspace Y. = span{Y.} be
added to K, (A, rg) in all restarted runs.

After the first restart we use the fact that that the new ini-
tial residual rg L span{Y.}, i.e. 'rg{Yk = vHy, = 0
and rs L span{V,,, AY:.}. Because span{AY.} =
span{Y3;}, we can take the matrix P = U(UHU)~1UH,
where U = [q(A)wv, Y;] for the orthogonal projector for the
space span{q(A)v, AY:}. We have

Irs]|? = ||lroll? — r&f Prg
= (1 — (UHv)HwHu)=tutv)| >

However UHy =

e (@A) garymae

and hence ||74||?/]|70]|?

<1— |v¥g(A)v]’e; (U"U)'er <1 — |vTq(A)v]*/[la(A)]?

wherev L span{Y3}. Let £,,_;. = {w € C"|wY;, = 0},

Sn—k ={Sn N Ly 1}
Theorem 1. Let the invariant subspace span{Y:}
be added to the corresponding Krylov subspace for all
restarted runs. Then for all restarts, excepts for the first
one, we have the estimate

wh g(A)w|?

HTS”Z < 1— max min 5 (5)
Irol q€Py, weSnk  |lg(A)]l

Remark 3. The same estimate is obtained if arbitrary vec-
tors are added to the Krylov subspace in all restarts. In this
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case we consider minimum for w € S, wH AY;, = 0in
the last formula.

Theorem 2. Letm,k,s € {1,2,...,n—1}, s =m+k <
n. Let the invariant subspace span{Y;} be added to the
corresponding Krylov subspace for all restarted runs. Let a
polynomial g € 7?21 exists such, that the system of equa-
tions

wH g(A)w
wHYk

0 (6)
0 (7)

has only the solution w = 0 in C"™ (or equivalently does
not have any solutin on S;,.) Then GMRES(m, k) IS con-
vergent.

Conclusion. Let the equation (6) has a nontrivial solution,
l.e., 0 € W(q(A))- field of values of the matrix q(A).

Let M = {W(q(A)) N Sp|wHq(A)w = 0}. The condi-
tion (7) offers to find Y, such that utY;, # 0Vu € M and
therefore make do the quotient in (5) less than 1.

4. Let a nearly invariant subspace be added to
ICm (A, rg) in all restarted runs.

Let ®(X, Y ) denotes the gap between subspaces X and
Y. Let the space )Y, be added to K;,(A,rg) In some
restart and the residual rs be obtained after one restarted
run. Let us write r(—)|- — r, and let the space Y™ be added

to IC(A, ro) in the next restart with the residual vector ri.
We have v = roy/||ros|l, vT L AY. Let Y be an in-
variant subspace. Let £,,_; = Y-+ and

AN

Sn—k = {v € C", ||v|| = 1|sin Z(v, L, ) < €}

Theorem 3. Let e € (0,1), O(AYL,Y) < e and
@(Ay,j,y) < e. Then

75412
lro+11%

‘ 5. Conclusions. I

Restarting slows down the convergence and trouble may be
caused by the presence of the eigenvalues nearest to zero.
These are bad because it is impossible to have a polyno-
mial p of degree n such that p(0) = 1 and |p(2)| < 1
on any Jordan curve around the origin (see [Greenbaum,
p55]). Usually, an eigenspace corresponding to the small-
est eigenvalues is taken for Y. and the corresponding algo-
rithms give good results ([Morgan, Saad]). If GMRES(m)
IS convergent and if arbitrary vectors are add to 1C;, (A, 7r9),
then the numerical results are not in many cases essentially
better, i.e. we do not improve the convergence. In this theo-
retical paper, an arbitrary invariant subspace is considered
and the guestion "to find some sufficient condition for con-
vergence” is transformed to the question whether the inter-
section of fields of values and sets of the form (7) contains
zero or not. The field of values are considered for vectors
INn spaces perpendicular to a chosen invariant space.

The open question 1. Given a polynomial g. To estimate
all solutions of the equation wHg(A)w = 0 on S,,_; and
analogously for the equations w Hyw = 0; w Sqw = 0;
The open question 2. To find min{|z| : z € F(A)} and
analogously for Hg and Sg.

The open question 3. To construct, for special matrices and

polynomials, the behaviour of the integer function f(3) =

. Haj(Aw|?> .
1 — max, cpy Miyes, , "“’||q‘§”(f4)|)|’;"| , 7 € [1,restart]

and compare f(y) with the behaviour of the sequence

|2 : :
{-}I;Hz};.e:s‘iart. (This would be the answer on the question

how descriptive are these bounds.)
The open question 4. How to find very fast an inexact ap-
proximate solution of (4)?

. |wtg(A)w)|?
1 — max min 5
g€P wes, . |1a(A)]]
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