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Fraktál

neexistuje p̌resná definice

množiny, jejichž geometrický motiv se opakuje

nekonečně členitý útvar × geometricky hladký

Mandelbrot: ”Tvar tvǒrený částmi, které jsou
podobné celku.”

Zelinka: ”Fraktál je objekt, jehož geometrická
struktura se opakuje v něm samém. Fraktály se
děĺı na soběpodobné a soběp̌ŕıbuzné.”
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Fraktály v p̌ŕırodě

Obrázek : Listy kaprad́ı [3]
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Fraktály v p̌ŕırodě

Obrázek : Lidské pĺıce [3]
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Geometrické fraktály

Obrázek : Sierpinského trojúhelńık [3]

Obrázek : Kochova vločka
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Dimenze

zvěťsováńı r = 1, 2, 3

N = rD

lnN = lnrD

D =
lnN

ln r
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Soběpodobnostńı dimenze

stejný p̌ŕıstup

N = 4

r = 3

DS =
lnN

ln r

DS =
ln 4

ln 3

DS = 1, 26

geometrické fraktály
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Kapacitńı dimenze

pokryt́ı intervalu boxy s
rozměrem a > 0

C (a) - počet box̊u

A - délka p̌ŕımky, obsah
obdélńıku, ...

C (a) ≈ A

(
1

a

)D

D ≈ lnC (a)

ln 1
a

− lnA

ln 1
a

≈ C (a)

ln 1
a

DK = lim
a→0

C (a)

ln 1
a

Obrázek : Děleńı
intervalu a obdélńıku
boxy velikosti a
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Boxcounting - odhadováńı dimenze

vycháźı z p̌redchoźıho vztahu
neńı možné j́ıt a→ 0

ve formě lnC (a) = A− D0 ln a
D0 = DK – kapacitńı dimenze
A – neznámá konstanta

vypoč́ıtat C (a) pro několik a, následně proložit
p̌ŕımkou
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Multinomické rozděleńı

n ∈ N – počet r̊uzných jev̊u

pj > 0 – pravděpodobnost j-tého jevu

j = 1, ..., n∑n
j=1 pj = 1

potom j má Mul(p1, ..., pn)

N ∈ N realizaćı, Nj ∈ N0,
∑n

j=1 Nj = N

počet r̊uzných jev̊u K =
∑

Nj>0 1 ≤ min(n,N)
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11/19

Naivńı odhad Hartleyovy entropie

Hartleyova entropie – H0 = ln n

odhad – Ĥ0,naive = lnK

vychýleńı

K ∈ {1, ..., n} potom EĤ0,naive = E lnK < E ln n = ln n = H0

lnC (a) = A0 − D̂0,naive ln a

ale C(a) = K → lnC(a) = lnK = Ĥ0,naive

Ĥ0,naive = A0 − D̂0,naive ln a
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Revidovaný odhad Hartleyovy entropie I

máme Dir(p1, ..., pn) s αj = α∗ > 0

p̂(K | n,N) =

P
(∑

Nj>0 1 = K
∣∣∣ n,∑n

j=1 Nj = N
)

=

=
(
n
K

)Γ(N+1)Γ(nα∗)
Γ(N+nα∗)

∑
~N∈DK ,N

∏K
j=1

Γ(Nj+α
∗)

Γ(Nj+1)Γ(α∗) ,

kde DK ,N = {~x ∈ NK |
∑K

j=1 xj = N}

SK ,N =
∑∞

n=K p̂ (K | n,N)
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Revidovaný odhad Hartleyovy entropie II

p̂ (n | K ,N) = p̂(K | n,N)
SK ,N

, n ≥ K

Ĥ0,Bayes = EH0 =
∑∞

n=K p̂ (n | K ,N) ln n =

=
∑∞

n=K
p̂(K | n,N) ln n

SK ,N
=

∑∞
n=K p̂(K | n,N) ln n∑∞

n=K p̂(K | n,N)
> lnK

Ĥ0,Bayes =
∑∞

j=0 bj ln (K+j)∑∞
j=0 bj

,

kde bj =
(
K+j
j

)B((K+j)α∗,N)
B(Kα∗,N)
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Experimenty I

Ĥ0,Bayes = A− D̂0 ln a

21 2D frakrál̊u, rekurzivńı expanze matice
Gu,v ∈ {0, 1}v×v

u počet nenulových prvk̊u
v > 1 dimenze matice
D0 = log u

log v

Obrázek : Bázová matice pro generováńı fraktálu F3,3,7
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Experimenty II

náhodná rotace a náhodné posunut́ı

položena śıt’ o hraně a = 12, 16, 20, ..., 480, 500

vypoč́ıtán Ĥ0,naive 20×

vypoč́ıtán D̂0,naive z pr̊uměru Ĥ0,naive

navržen αopt pro D̂0,Bayes
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Návrh nejlepš́ıho α

vztah mezi αopt a D̂0,naive
vyzkoušeny 3 modely
nejlepš́ı je exponenciálńı lnα = A + BD̂0,naive

A = 2.178, B = −1.571

Obrázek : αopt hodnoty exponenciálńıho modelu a jeho lineárńı regrese
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Závěr

vyvinut odhad Ĥ0,Bayes pro Dirichletovo apriorńı
rozděleńı

procedura pro zlepšeńı odhadu:
odhadnout D̂0,naive

určit α podle navrženého modelu
znovu odhadnout kapacitńı dimenzi D̂0,Bayes pro α

plánované rozš́ı̌reńı:
odhady informačńı dimenze D1

testováńı na 1D, 3D, ... fraktálech
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Aplikace

odhadováńı Alzeimerovy choroby z PET sńımk̊u
mozku

CT a MRI sńımky plic odhalováńı rakoviny
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