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Přelet nad
neurálnı́m
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Úvod
Mozek a jeho studium
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Reference

Mozek
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Metody v rukou neurovědce
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Děláme vědu takto?
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Osy výzkumu funkce mozku

I Lokalizace vs. integrace
I Exogennı́ vs. endogennı́
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Výsledky

Efektivnı́
konektivita

Grafové metody
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Co je funkčnı́ konektivita?

Obrázek: Funkčnı́ konektivita organizovaná do velkých sı́tı́.
(Fox et al, 2005, PNAS)

I Funkčnı́ konektivita: statistická souvislost mezi
aktivitou různých mozkových oblastı́

I Typicky měřená korelacı́ mezi aktivitou oblastı́ v čase
I Lze měřit během úkolu, ale i během klidového stavu
I U fMRI je odvislá od pomalých fluktuacı́ signálu



Přelet nad
neurálnı́m
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Co je na tom ‘funkčnı́’?

Obrázek: Biswal, 1995, MRM

Obrázek: Smith, 2009, PNAS

I Klidové sı́tě (resting networks) odpovı́dajı́ sı́tı́m
funkčnı́ aktivity
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Obrázek: Biswal, 1995, MRM
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Jak vylepšit metody kvantifikace funkčnı́
konektivity?

I konektivita “all-to-all”?

I přı́liš mnoho signálů
I nutno redukovat dimenzionalitu (anatomické oblasti

zájmu, shlukovacı́ metody, analýza nezávislých
komponent)

I různé mı́ry závislosti
I korelačnı́ koeficient ρX ,Y = cov(X ,Y )

σXσY
= E [(X−µX )(Y−µY )]

σXσY
I pořadové korelačnı́ mı́ry (Spearman, Kendalovo

tau,...)
I informačně-teoretické mı́ry: vzájemná informace

I(X ; Y ) =
∑
y∈Y

∑
x∈X

p(x , y) log
(

p(x , y)

p(x) p(y)

)



Přelet nad
neurálnı́m
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Závěr
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Funkčnı́
konektivita
Motivation

Strategie
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konektivity?

I konektivita “all-to-all”?
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Proč nemusı́ být lineárnı́ korelace vhodná?
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Závěr
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Vzájemná informace
I(X ; Y ) =

∑
y∈Y

∑
x∈X

p(x , y) log
(

p(x , y)

p(x) p(y)

)

souvisı́ s entropiı́: H(X ) = −
∑
x∈X

p(x) log p(x)

I(X ; Y ) = H(X ) + H(Y )− H(X ,Y )
H(X |Y ) = H(X ,Y )−H(Y ) I(X ; Y ) = H(X )−H(X |Y )

omezenı́: 0 ≤ I(X ; Y ) ≤ max(H(X ),H(Y )); jednotky;
invariance vůči bijekcı́m: I(X ; Y ) = I(f (X ); g(Y ));
I(X ; Y ) = DKL(p(x , y)‖p(x)p(y))
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Závěr
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Vzájemná informace
I(X ; Y ) =

∑
y∈Y

∑
x∈X

p(x , y) log
(

p(x , y)

p(x) p(y)

)
souvisı́ s entropiı́: H(X ) = −

∑
x∈X

p(x) log p(x)

I(X ; Y ) = H(X ) + H(Y )− H(X ,Y )
H(X |Y ) = H(X ,Y )−H(Y ) I(X ; Y ) = H(X )−H(X |Y )

omezenı́: 0 ≤ I(X ; Y ) ≤ max(H(X ),H(Y )); jednotky;
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neurálnı́m
hnı́zdem

Jaroslav Hlinka
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Praktický problém

I lineárnı́ korelace
I široce použı́vaná, jednoduchý koncept
I obecně efektivnı́

I ALE ... neuronálnı́ i hemodynamické procesy jsou
nelineárnı́!
⇒ nelineárnı́ metody navrženy pro fMRI funkčnı́
konektivitu

I JENŽE ... nelineárnı́ metody majı́ také své problémy:
I robustnost
I implementace
I interpretace

⇒ Je lineárnı́ korelace dostatečná pro fMRI FC?
[1]
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Výsledky

Efektivnı́
konektivita

Grafové metody
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nelineárnı́!
⇒ nelineárnı́ metody navrženy pro fMRI funkčnı́
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[1]
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Strategie

I pro bivariátnı́ normálnı́ rozdělenı́ (“lineárnı́
závislost”):

I lineárnı́ korelace ρX ,Y plně vystihuje závislost
I vzájemná informace:

I(X ; Y ) = IGauss(ρX ,Y ) = − 1
2 log(1− ρ2

X ,Y )

I pro obecné bivariátnı́ rozdělenı́:
I lineárnı́ korelace nemusı́ být dostatečná
I vzájemná informace: (při normalitě marginálů):

I(X ; Y ) ≥ IGauss(ρX ,Y )

I ⇒ extra informace nezachycená korelačnı́m
koeficientem: Ineglected = I(X ; Y )− IGauss(ρX ,Y )
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Přelet nad
neurálnı́m
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Grafové metody

Biologické
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I(X ; Y ) ≥ IGauss(ρX ,Y )

I ⇒ extra informace nezachycená korelačnı́m
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Přelet nad
neurálnı́m
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Implementation details
I 24 fMRI sessions (3T, TR=2000 ms, 3× 3× 3.5

mm3, 300 volumes), standard data processing
I AAL based parcellation to 90 regions
I each region represented by average activity time

series
I 90-by-90 matrices of linear and nonlinear

connectivity
I difference between linear and nonlinear

connectivity
I quantified
I tested

I mutual information estimated using the equiquantal method

I IGauss(ρX ,Y ) is estimated by computing mutual information on
linearized version of the data (Fast Fourier Transform surrogates)
as finite sample estimates of linear correlation and mutual
information have different properties (such as bias and variance)
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Grafové metody

Biologické
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neuronové sı́tě
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neuronové sı́tě
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Strategie - připomenutı́

I pro bivariátnı́ normálnı́ rozdělenı́ (“lineárnı́
závislost”):

I lineárnı́ korelace ρX ,Y plně vystihuje závislost
I vzájemná informace:

I(X ; Y ) = IGauss(ρX ,Y ) = − 1
2 log(1− ρ2

X ,Y )

I pro obecné bivariátnı́ rozdělenı́:
I lineárnı́ korelace nemusı́ být dostatečná
I vzájemná informace: (při normalitě marginálů):

I(X ; Y ) ≥ IGauss(ρX ,Y )

I ⇒ extra informace nezachycená korelačnı́m
koeficientem: Ineglected = I(X ; Y )− IGauss(ρX ,Y )
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Funkčnı́
konektivita
Motivation

Strategie
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Proč I(X ,Y ) ≥ −1
2 log(1− ρ2

X ,Y )?

Rozdělenı́ s maximálnı́ entropiı́:
I (0,1): rovnoměrné rozdělenı́
I R, σ(X ) = c: N (µ, σ2)

I R2, Cov(X ) = Σ : N (µ, Σ)

I Co tedy rozdělenı́ s minimálnı́ informacı́?
I I(X ; Y ) = H(X ) + H(Y )− H(X ,Y )

I arg min
X

I(X )
?
= N (µ, Σ)

I Ano, pokud zafixujeme H(X ) a H(Y ) marginálnı́
normalizacı́...

I Je to třeba?
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I I(X ; Y ) = H(X ) + H(Y )− H(X ,Y )

I arg min
X

I(X )
?
= N (µ, Σ)

I Ano, pokud zafixujeme H(X ) a H(Y ) marginálnı́
normalizacı́...

I Je to třeba?
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Výsledky

Efektivnı́
konektivita

Grafové metody

Biologické
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Úvod
Mozek a jeho studium

Funkčnı́
konektivita
Motivation

Strategie
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Rozdělenı́ s minimálnı́ informacı́ a danou
kovariancı́

Obrázek: Kraskov, 2004 [2].

I Takže: je marginalizace nutná?
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Protikpřı́klad

1
2

1
2

X

Y

R(X,Y ) = 1

I(X,Y ) = H(X) = 1bit

1
1000

999
1000

X

Y

R(X,Y ) = 1

I(X,Y ) = H(X) = 0.011

I I(X ,Y ) lze stlačit k nule při zachovánı́ libovolně
vysoké korelace

I Kraskov má v důkaze chybu, marginalizace nutná!

I Každopádně, korelace pro fMRI stačı́. Nebo ne?
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Funkčnı́
konektivita
Motivation

Strategie
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Causality - linear and nonlinear

I Different approaches to causality detection from time
series

I Granger causality: X ‘Granger causes’ Y iff including
the past of Y in a (linear) model of X significantly
improves the model fit

I Transfer entropy: the difference between entropies of
the variable X conditioned (or not) on Y :
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I for stationary linear Gaussian processes linear GC
index and TE equivalent

I up to factor 2

I Recall I(X ,Y ) ≥ −1
2 log(1− ρ2

X ,Y ) for general
distribution with normal marginals

I Is there a similar inequality for causality indices?
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Co když mne zajı́má struktura interakcı́ mezi
mnoha oblastmi?

grafově-teoretická analýza
I konektivity jsou převedeny na (ne)orientovaný graf
I zkoumáme vlastnosti grafu:

I hustota
I průměrná délka cest
I shlukovitost
I modularita
I malosvětskost (small-world property)
I existence centrálnı́ch uzlů

I interpretovány jsou zı́skané hodnoty, nebo rozdı́ly v
těchto vlastnostech mezi zkoumanými skupinami
subjektů
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Závěr
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Formalizace grafových vlastnostı́

Graf: G = (V ,E); V množina uzlů; búno V = 1, ...,n
E ⊂ V 2 množina hran. di,j je délka nejkratšı́ cesty mezi
uzly i a j . Reprezentace (binárnı́) maticı́ A:
Ai,j = 1⇔ (i , j) ∈ E .

L =
1

n · (n − 1)
·
∑
i,j

di,j

C =
1
n

∑
i∈V

ci ; ci =

∑
j,` Ai,jAj,`A`,i
ki(ki − 1)
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Funkčnı́
konektivita
Motivation

Strategie
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neuronové sı́tě
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Malosvětskost (Small-world property)

small-world index: σ = γ
λ � 1, λ = L

Lrand
& 1,

γ = C
Crand

� 1
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Malosvětskost (Small-world property)

small-world index: σ = γ
λ � 1, λ = L

Lrand
& 1,

γ = C
Crand

� 1
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neurálnı́m
hnı́zdem

Jaroslav Hlinka
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Funkčnı́
konektivita
Motivation

Strategie
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Mozek je malý svět
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Grafové metody

Biologické
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Mozek je malý svět...
a náhodně propojený AR proces taky...

Xt = AXt−1 + et

SC FC FC binarized

LS = 2.157,LF = 2.308,CS = 0.1081,CF = 0.2355, λ =
1.07, γ = 2.1778, σ = 2.0353.
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Reference

Detailnı́ výsledky
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Závěr
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Metody v rukou neurovědce
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složitá dynamika
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Výsledky

Efektivnı́
konektivita

Grafové metody
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McCulloch-Pitts model (1943):

z(i , t + 1) = S

(∑
i

wijz(j , t)− εi

)
,

Hodgkin-Huxley model (1952):
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Výsledky

Efektivnı́
konektivita

Grafové metody

Biologické
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Hodgkin-Huxley model
C

dV

dt
= −F + Is + I, (1)

F (V ,m, n, h) = IK + INa + IL = (2)

= gK n4(V − VK ) + gNam3h(V − VNa) + gL(V − VL).

dm

dt
= αm(V )(1 − m) − βm(V )m, (3)

dn

dt
= αn(V )(1 − n) − βn(V )n, (4)

dh

dt
= αh(V )(1 − h) − βh(V )h. (5)

C = 1µFcm−2, gL = 0.3mScm−2, gK = 36mScm−2, gNa = 120mScm−2, VL = −54.402mV ,
VK = −77mV , VNa = 50mV

αm(V ) =
0.1(V + 40)

1 − e−0.1(V+40)
βm(V ) = 4.0e−0.0556(V+65) (6)

αn(V ) =
0.1(V + 55)

1 − e−0.1(V+55)
βn(V ) = 0.125e−0.0125(V+65) (7)

αh(V ) = 0.07e−0.05(V+65)
βh(V ) =

1

1 + e−0.1(V+35)
. (8)
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neurálnı́m
hnı́zdem

Jaroslav Hlinka
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V závislosti na proudu I a jiných parametrech může mı́t
stabilnı́ pevný bod, oscilace, ale i třeba chaotický atraktor
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Zoo modelů
modely neuronu:

a vynásob modely synapse...
Podobně se schematicky modelujı́ celé neuronálnı́
populace:
Wilson-Cowan model (1972)

τe
∂E
∂t

= −E + (ke − ρeE)Se(c1E − c2I + P), (9)

τi
∂I
∂t

= −I + (ki − ρi I)Si(c3E − c4I + Q). (10)
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Reference

Zoo modelů
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Dynamika Wilsonova-Cowanova modelu
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Úvod
Mozek a jeho studium

Funkčnı́
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Velká otázka ohledně Ẋi = fi(Xi) + gi(X )
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neurálnı́m
hnı́zdem

Jaroslav Hlinka
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Fázová redukce modelu

τe
∂E
∂t

= −E + (ke − ρeE)Se(c1E − c2I + P), (11)

τi
∂I
∂t

= −I + (ki − ρi I)Si(c3E − c4I + Q). (12)

θ̇i =
1
T

+ ε
∑

j

wijH(θj − θi), i = 1, . . . ,N. (13)

Stabilita synchronizovaného řešenı́ závisı́ na N × N
matici Ĥ

Ĥij = H ′(0)

[
wij − δi,j

∑
k

wik

]
, (14)

kde H ′(θ) = dH(θ)/dθ. Synchronizované řešenı́ je stabilnı́
pokud reálné části všech vlastnı́ch hodnot Ĥ jsou
negativnı́.
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neurálnı́m
hnı́zdem

Jaroslav Hlinka
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Vztah struktury a funkčnı́ konektivity

dH
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dH

−4 −2 0 2 4

−10

−9

−8

−7

−6

−5

−4

−3

−2

−0.08

−0.06

−0.04

−0.02

0

0.02

0.04

0.06

0.08
Cocomac, FC by R

P

Q

 

 

−5 0 5
−12

−10

−8

−6

−4

−2

0

0

0.2

0.4

0.6

0.8

1
Cocomac, FC by MPC

P

Q

 

 

−5 0 5

−10

−5

0

0

0.2

0.4

0.6

0.8

1

Random, FC by R

P

Q

 

 

−5 0 5
−12

−10

−8

−6

−4

−2

0

0

0.2

0.4

0.6

0.8

1
Random, FC by MPC

P

Q

 

 

−5 0 5

−10

−5

0

0

0.2

0.4

0.6

0.8

1

γ

P

Q

 

 

−5 0 5

−10

−5

0

λ

P

Q

 

 

−5 0 5

−10

−5

0

σ

P
Q

 

 

−5 0 5

−10

−5

0

0

1

2

3

4

0

1

2

3

4

0

1

2

3

4
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Grafové metody

Biologické
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Úvod
Mozek a jeho studium

Funkčnı́
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Stačı́ lineárnı́ korelace pro fMRI?
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Mozek je malý svět
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Děkuji za pozornost!
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